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Abstract

A numerical modelling of nonlinear changes of polarization by Kerr effect is presented for an optical field propagat-

ing along a birefringent silica optical fiber. The kernel of this model comes from expressing the coupled field as a sum of

two linear polarization modes in the direction of the fiber principal axes. The developed model is suitable for the design

of optoelectronic devices and permits easily taking into account chromatic dispersion, gain or loss, etc.

� 2004 Elsevier B.V. All rights reserved.
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1. Introduction

Intensity-dependent changes of polarization

states along a single-mode birefringent fiber [1]

have been observed and used for nonlinear pulse

reshaping [2,3], light modulation [4], intensity dis-

crimination [5,6], optical logic gate [2] and mode-

locking in fiber lasers [7,8]. To build up efficient

optical devices, in particular all optical switches,
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the intensity variation in transmission with respect

to the input intensity, must be as large as possible.
Kerr ellipse rotation (KER) in material exhibit-

ing a cubic nonlinearity, is a well-known phenom-

enon. It depends on the state of polarization of the

input light as well as on its orientation with respect

to the birefringence axes if the propagation med-

ium is not isotropic. Polarizing components used

in combination with a piece of Kerr material,

e.g., a piece of optical fiber, serve usually to create
a device with an intensity dependent transmission.

The variation in transmission tends to be weaker
ed.

mailto:famaite@usc.es 


196 V. Kermène et al. / Optics Communications 247 (2005) 195–203
as the imbalance between the excited polarization

eigenmodes increases [2,9].

In the literature, we note that the most usually

adopted model for KER does not predict self-in-

duced polarization changes [2] when the two prin-
cipal axes of the fiber are equally excited. The

assumption made in the model is known as the

rotating wave approximation (RWA) [7] and re-

sults from neglecting the third order nonlinear

coupling between the temporal phases of the main

linear modes. However, Winful introduced a more

accurate model which took into account nonlinear

phase coupling [10]. He demonstrated that nonlin-
ear polarization changes are possible even with

equal excitation of the fiber principal axes.

Winful�s work lead to an analytical model that

describes the propagated optical field as a superpo-

sition of two orthogonal circular polarizations.

Nevertheless, this model is not always convenient

and cannot describe the propagation of short

pulses along a nonlinear birefringent fiber because
dispersion terms were not included in the analyti-

cal approach.

In this paper, we study numerically the propa-

gation considering the optical wave as the super-

position of two linear polarization fields

propagating along the principal axes of the bire-

fringent fiber and taking into account their com-

plete third order nonlinear coupling.
The main benefits of this method are that: (i)

the energy exchange between polarization modes

in a linear base is more clearly observed than in

a circular one; (ii) the derived expressions are more

convenient for modelling of practical situation,

and (iii) the formulation allows to introduce the

chromatic dispersion effect in such a way that

more realistic simulations can be easily performed
for short pulse excitations.

The outline of this paper is as follows. Firstly,

we write the expressions of the polarization states

in terms of the difference in effective indices for

the principal linear polarization modes. Secondly,

we use these expressions to perform calculations

of the polarization changes taking place along a

single mode birefringent fiber in various cases.
We study the influence of the linear birefringence,

the influence of the incident power level and that

of the fiber length on the nonlinear polarization
evolution. In all cases, we have considered that

the incoming light is linearly polarized at 45� with
respect to the principal axes of the fiber.
2. Cross-phase modulation between linear

polarization eigenmodes

A lightwave ~E is coupled into a birefringent fi-

ber of length l. The complex electric field vector

can be expanded on the basis of the fiber polariza-

tion eigenmodes and expressed as a superposition

of two linear fields polarized in the direction of
the fast (x) and slow (y) fiber axes

~Eðx; y; tÞ ¼ gðx; yÞðExx̂þ EyŷÞe�iwt; ð1Þ
where g(x,y) is the transverse mode normalized

pattern, x̂ and ŷ are the unitary vectors in the

direction of the fast and slow axes, respectively,

w is the angular frequency of the optical field,

and t is the temporal coordinate.

The total electric polarization vector is gener-

ally expressed as [11]

~P
T ¼ e0e~E; ð2Þ

where e0 is the vacuum permittivity and e is the

dielectric tensorial permittivity constant.
The dielectric tensorial permittivity can be ex-

pressed as e = (n + nNL)2, where n is the linear part

of the refractive index and nNL is the change in-

duced by nonlinear effects. If the contribution of

the linear refraction is substantially bigger than

the nonlinear one (n � nNL), we can express the

polarization as a sum of a linear and nonlinear

contributions as follows:

~P
T � ~P

L þ~P
NL ¼ e0n2~E þ 2e0nnNL~E: ð3Þ

Furthermore, for an isotropic core fiber, the non-

linear polarization PNL until the third order
approximation corresponds to [11]

PNL
i ðz; tÞ ¼ 3e0

2aeff

X
j

vð3ÞxxyyEiEjE�
j

�

þvð3ÞxyxyEjEiE�
j þ vð3ÞxyyxEjEjE�

i

�
; ð4Þ

where i, j = x or y being x, y the fast and slow

transversal coordinate indices, E the complex field
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amplitude, aeff the fiber effective mode area result-

ing of g(x,y) integration across the fiber core, v(3)

the third nonlinear order susceptibility and * de-

notes complex conjugation. The three independent

component of v(3), are related by the relation

vð3Þxxxx ¼ vð3Þxxyy þ vð3Þxyxy þ vð3Þxyyx: ð5Þ

In the case of silica fibers the three components

have nearly the same magnitude, and we assume

they are identical for simplicity.

Combining Eqs. (3) and (4) we derive the fol-

lowing expression for the nonlinear variation of

the refractive index as function of the components
E

x
y

� � of the electric field:

nNL

x
y

� � ¼

n
2

x
y

� �
aeff

E
x
y

� �
������

������
2

þ 2

3
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����
����
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E�
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� �E y
xð Þ

E
x
y

� � E y
xð Þ

3
775; ð6Þ

where

n2
x
y

� � ¼ 3vð3Þxxxx=8n x
y

� �

is the nonlinear index coefficient. In practice, as the

birefringence is small in comparison with the

refractive index value, the same value of n2 can
be assumed for both main axes of a silica fiber,

so: n2 = n2(x) = n2(y) @ 3.2 · 10�20m2/W.

We can express the complex components of~E in

polar form:

Ex ¼ jExjeiux ; ð7aÞ

Ey ¼ jEy jeiuy ; ð7bÞ
where ux and uy denote the input phases.

Then, substituting Eq. (7) in Eq. (6) we obtain

new expressions for the nonlinear refractive index

depending on the principal axes x, y:

nNL
x ¼ n2

aeff
jExj2 þ

2

3
jEy j2

� �
þ cosð2uÞ

3
jEy j2

�

þi
sinð2uÞ jEy j2

�
; ð8aÞ
3

nNL
y ¼ n2

aeff
jEy j2 þ

2

3
jExj2

� �
þ cosð2uÞ

3
jExj2

�

�i
sinð2uÞ

3
jExj2

�
; ð8bÞ

where u = uy � ux is the phase difference between

the polarization modes.

We emphasize that the nonlinear index Eq. (8)

is a complex number. It is straightforward to iden-

tify its imaginary term a
x
y

� � as an amplitude mod-

ulation coefficient denoting the energy exchange

between the eigenmodes:

a
x
y

� � ¼ �ð Þ 2pn2
3kaeff

sinð2uÞ E y
xð Þ

��� ���2: ð9Þ

Then, a nonlinear birefringence can be defined as

DnNL ¼ ReðnNL
y � nNL

x Þ

¼ 2n2
3aeff

jEy j2 � jExj2
h i

sin2u; ð10Þ

where Re denotes the real part.

Taking into account the above mentioned equa-

tions, we can express the optical field in the vecto-

rial form as follows:

~Eðz; tÞ ¼ jExjea
NL
x zx̂þ jEy jea

NL
y z

� exp i kðDnL þ DnNLÞzþ u0

� 	
 �
ŷ; ð11Þ

where u0 is an initial phase difference between the

input field components, DnL = ny � nx is the linear

birefringence of the fiber and k = 2p/k with k the

wavelength.

Both the field components and DnNL depend on

z because the accumulated phase difference u be-

tween the main modes changes with the distance.
Consequently, the use of a numerical iterative

method is necessary to find the value of the electric

field in a particular z position.

This aspect of the model that seems a disadvan-

tage compared to the analytical treatment devel-

oped in [10], turns out to be a very important

advantage in order to achieve a better understand-

ing of the nonlinear ellipse rotation phenomenon.
In our model the observation of the interaction be-

tween the linearly polarized basic states is possible.

Additionally, another important advantage with
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respect to the formulation exposed in [10] is that it

is straightforward to include extra effects like chro-

matic dispersion, gain, losses, etc. through a typi-

cal split-step numerical method [11].
Fig. 1. (a) Algorithm diagram of the numerical simulation to

calculate the azimuth angle w and ellipticity e of the polariza-

tion state. z_steps corresponds to the number of z samples. (b)

Represents the simulated system.
3. Comments on the nonlinear ellipse rotation

phenomenon

We have performed numerical simulations of

the behaviour of an optical field propagating down

a birefringent single mode silica fiber. Fig. 1(a)

shows the flux diagram. The simulated setup is

shown in Fig. 1(b).

We focus on the case of a monochromatic wave

(k = 1.550 lm) linearly polarized at 45� with re-

spect to the principal axes of the fiber (with effec-
tive area aeff = 80 lm2). In this situation

|Ex| = |Ey| and u = 0 at the entrance of the fiber

(z = 0).

For a weakly birefringent fiber with DnL = 10�6,

Fig. 2 shows the evolution of the nonlinear phase

uNL, the total accumulated phase u and the ampli-

tude of the polarization modes, |Ex|, |Ey|, along one

beat length L = k/DnL [11]. The wave propagates
oscillating along the x and y components. Because

of the linear birefringence, the components are

soon out of phase (u 6¼ 0). This phase difference

in turn induces an energy exchange between the

field components through the modulation coeffi-

cients a
x
y

� �. Next, that transfer increases in turn

the nonlinear phase contribution (see Eq. (10)).

The process continues during propagation until

the total phase u (Fig. 2(b)) is such that the nonlin-

ear phase uNL (Fig. 2(a)) is back to zero. During

this cycle of evolution, the field components ex-
change energy (Fig. 2(c)). Then a new cycle of evo-

lution begins.

Analyzing the polarization behaviour we can

identify two extreme cases. The first corresponds

to the case where the nonlinear contribution to

the birefringence is small in comparison with the

linear one. In that situation the polarization rota-

tion is weak. The more important contribution of
the linear birefringence to the total accumulated

phase forces the instantaneous nonlinear phase

to have a short oscillation period as well as a weak
amplitude as the wave propagates along the fiber.

So, the nonlinear polarization evolution is negligi-
ble for realistic input power values. Nevertheless it

is important to note that a nonlinear behaviour

can be reached because of the total accumulated

nonlinear phase for practical input powers if the fi-

ber is chosen long enough. In practice, the signa-

ture of this nonlinear effect could be masked by

fiber losses, fiber twist [12,13], fiber bending [14],

or temporal effects [11].



Fig. 2. Evolution of: (a) the phase non linear /NL, (b) the total accumulated phase u and (c) polarization mode amplitudes |Ex|, |Ey|

versus z over one fiber A beat length. We can see superimposed the plots for four different input powers. Calculations have been made

for aeff = 80 lm2 and P1 = 7000 w, P2 = 11167 w, P3 = 15333 w, P4 = 19500 w.
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The second extreme case occurs when the non-

linear birefringence is larger than the linear bire-

fringence. In that situation, the field rotation can

be clearly observed for realistic input power levels.
Additionally the fiber does not need to be extre-

mely long to generate a significant nonlinear phase

contribution. The model described in this work

confirms these results [5]. As can be seen in the

simulated case exposed in Fig. 2, for weakly bire-

fringent fibers the nonlinear phase term takes a

non null value during an important part of the

propagation. In that situation, the linear phase dif-
ference grows up slowly and the nonlinear phase

difference contribution overcomes the linear one

very quickly.
4. Study of some particular cases

As a first case, for a better comparison with the
results presented by Winful in [10], we consider

different birefringent fibers of length equal to their

respective beat lengths. All fibers have the same

effective area.
For an input field linearly polarized at 45� and
k = 1.550 lm, Fig. 3 shows the corresponding azi-

muth (W) and ellipticity (e) of the elliptic polariza-
tion state at the fiber output [15] versus the input
power. The solid curves correspond to a wave

which travelled along a fiber A with birefringence

DnLA ¼ 10�6, during one beat length. The dashed

and dotted curves correspond to fiber B

ðDnLB ¼ 5� 10�5Þ and fiber C ðDnLC ¼ 10�4Þ,
respectively, with a propagation length equal to

their respective beat length LB ¼ k=DnLB ¼ 31 mm

and LC ¼ k=DnLC ¼ 15:50 mm.
If we compare the different curves we confirm

that nonlinear polarization changes can be more

easily observed for weakly birefringent fibers [11]

DnLA ¼ 10�6 since, a higher input power is re-

quired for achieving a similar behaviour in a fi-

ber of larger birefringence. These conclusions

are in agreement with the results presented in

[10]. Note that, in the balanced excitation of
eigenmodes considered here, it is possible to find

an input power leading to a full polarization

switching (point F) corresponding with the solid

curves.



Fig. 3. Ellipticity -e- (plotted in grey) and azimuth -w- (plotted in black) of the polarization ellipse of the transmitted wave at the end of

a beat length, versus input power P. Solid curves correspond to DnLA ¼ 10�6, dashed curves to DnLB ¼ 5� 10�5 and dotted curves to

DnLC ¼ 10�4. F corresponds to the operating point where full polarization switching is reached for fiber A.
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As a second case, we have looked for the

power PC necessary to reach, in a highly birefrin-

gent fiber (with DnLC), the same polarization

changes as the one obtained in a low birefringent
fiber ðDnLAÞ for an input power PA (Fig. 4). We

found from various set of simulations the follow-

ing scaling law:

PC ¼ DnLC
DnLA

PA: ð12Þ

The fiber length was maintained equal to one beat

length. The above expression indicates that, pro-
vided we change the input power by a factor

ðDnLC=DnLAÞ, a birefringent fiber C of length equal

to its beat length LC would present exactly the

same polarization behaviour than a fiber A with

linear birefringent ðDnLAÞ of length equal to LA.

Now by means of a new set of simulations, we

wanted to answer the following question: knowing

the polarization changes that we got with a bire-
fringent fiber A of linear birefringence DnLA and ac-
tual length LA, is it possible to find the length of

fiber D with birefringence ðDnLDÞ giving a similar

behaviour for identical input powers?

With respect to the previous calculations we
kept the same linearly polarized input and we ob-

served the polarization modifications induces by fi-

bers with different lengths and birefringences. To

avoid confusion between beat length and actual

length, the last one will be denoted henceforth by

l. When DnLD > DnLA, it is clear that for the same in-

put power, we need a fiber D longer than fiber A

so that the propagating wave accumulates a simi-
lar nonlinear phase. Fig. 5 shows that for a fiber

D of birefringence DnLD ¼ 10�5 a length lD 3.8

times longer than LA is enough to obtain a similar

polarization state at the output. In terms of the

beat length of the fiber D this means that we need

a fiber 380 times longer than its beat length LD.

Looking to a new sample, corresponding to fiber

E with DnLE ¼ 0:7� 10�4, we need lE = 22.26 · LA

to obtain an identical output for the same power



Fig. 4. Ellipticity -e- (plotted in grey) and azimuth -w- (plotted in black) of the polarization ellipse of the transmitted wave at the end of

one beat length, versus input power P: (a) DnLA ¼ 10�6, (b) DnLC ¼ 10�4. Note that the power axis scale is two orders of magnitude

higher ðDnLC=DnLAÞ in the second graph.
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Fig. 5. Ellipticity -e- (plotted in grey) and azimuth - w- (plotted in black) of the polarization ellipse of the transmitted wave at the end

of different fibers, versus input power. Solid curves correspond to DnLA ¼ 10�6, LA = 1550 mm, dashed curves to DnLD ¼ 10�5,

lD = 3.8 · LA and dotted curves to DnLE ¼ 0:7� 10�4, lE = 22.26 · LA.
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level. As expected, the greater the birefringence the

longer the required fiber length for achieving a

similar nonlinear polarisation evolution. We note,

however, that it is difficult to achieve a full coinci-
dence between the power dependent traces as the

difference between the two linear birefringences

gets large. For instance the steepness of the polar-

isation switching increases for large birefringence.
5. Conclusions

We have modelled the third order nonlinear

interaction between the two linearly polarized

modes of a birefringent silica optical fiber. The de-

rived equations are more correct than the standard

ones and include the nonlinear coupling occurring

when the two principal axes of the fiber are equally

excited. They are well suited to the investigations

and modelling on nonlinear polarisation evolu-
tion. We have identified the successive and peri-
odic energy exchange between the fast and slow

linear modes of the fiber as the more significant re-

sult of the interaction between the linear and non-

linear birefringence.
Taking advantage of the derived expressions,

we have simulated the propagation of a linearly

polarized field launched at 45� with respect to

the main axes of a singlemode birefringent fiber.

That configuration is the most suitable to obtain

a highly contrasted polarisation switching. The

model shows how the modal power exchange leads

to the mutual birefringence interaction during the
propagation of the input field. We have compared

the propagation along one beat length in different

type of fibers for a fixed power. As expected, the

smaller the linear birefringence the more impor-

tant the polarization changes. Higher powers are

necessary to achieve the same nonlinear polarisa-

tion evolution in highly birefringent fibers by refer-

ence to low birefringence fibers. We have
demonstrated that the power scaling is directly
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proportional to the birefringence ratio. The chance

of achieving similar nonlinear polarization

changes at the exit of different birefringent fibers

by propagating the optical field on a longer dis-

tance was investigated. In particular, we have
shown that the same polarization changes can be

achieved with two different fiber pieces which bire-

fringence differs by one order of magnitude after

proper choice of their respective length. Finally

we want to stress that losses, twists, random de-

fects [16] and chromatic dispersion effects in the fi-

ber can be easily introduced in the calculations

through a similar iterative split-step method, to
carry on simulation closer to reality and to con-

sider short pulse excitations.
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