4

ELSEVIER

Available online at www.sciencedirect.com

sc.ENCE@D.nECT@

Optics Communications 249 (2005) 595-609

OPTICS
COMMUNICATIONS

www.elsevier.com/locate/optcom

Gradient-index crystalline lens model: A new method for
determining the paraxial properties by the axial and field rays

Maria Angeles Rama, Maria Victoria Pérez, Carmen Bao,
Maria Teresa Flores-Arias *, Carlos Gomez-Reino

GRIN Optics Group, Applied Physics Department, Faculty of Physics and Optics and Optometry School, University of Santiago,
Campus Sur, 15782 Santiago de Compostela, Spain

Received 24 November 2004; received in revised form 17 January 2005; accepted 22 January 2005

Abstract

Gradient-index (GRIN) models of the human lens have received wide attention in optometry and vision sciences for
considering the effect of inhomogeneity of the refractive index on the optical properties of the lens. This paper uses the
continuous asymmetric bi-elliptical model to determine analytically cardinal elements, magnifications and refractive
power of the lens by the axial and field rays in order to study the paraxial light propagation through the human lens

from its GRIN nature.
© 2005 Elsevier B.V. All rights reserved.

PACS: 42.66.-p; 42.66.Ct

1. Introduction

The most common models of the human crys-
talline lens are those found in the standard sche-
matic eyes and they represent the optical
structure by spherical and/or aspherical surfaces
and constant refractive index. Schematic eye mod-
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els are used to estimate basic optical properties of
the eye such paraxial properties, ocular aberra-
tions, etc. [1-5]. All of those models have the
weakness that they do not use a variable refractive
index and therefore do not accurately represent the
optical structure of the lens.

To understand the effect of inhomogeneity of
the refractive index within the lens on the optical
properties of the lens and then on the eye as a
whole, we need understand the role of the gradi-
ent-index (GRIN) structure in optical quality of
the lens. It is clear that the GRIN structure may
play a primary role in paraxial domain since it
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permits increase in the refractive power of the lens,
which, otherwise, would be too low due to small
differences in refractive index between adjacent
biological media having a high water content.
However, the GRIN structure may play a second-
ary role in aberrations since its contribution likely
to be small [6-9].

In the optical modelling of the crystalline lens of
the human eye, two different models are used. These
are the shell and continuous GRIN models. In the
shell or laminated model, the gradient index profile
is represented by a finite and discrete set of concen-
tric shells, with a constant refractive index in each
shell [10-13]. In the construction of such a model,
it is necessary to decide the number of shells, how
the refractive index varies from shell to shell, and
the value of curvature of the surface of each model.
Once the shell structure is established, paraxial ray-
tracing can be used to determine the lens power. For
the continuous GRIN model the refractive index
profile is represented by continuous iso-indicial sur-
faces [14-20]. Four types of continuous model
depending on the external shape of the lens and
the internal iso-indicial surfaces can be described.
For the first two types the refractive index distribu-
tion is represented by elliptical iso-indicial surfaces
that are concentric with the lens surfaces. The first
type assumes symmetric iso-indicial surfaces. The
second an asymmetric type in which the posterior
curvature of any iso-indicial surface is greater than
the anterior in such a way that, at the equatorial
plane of joining, the iso-indicial surface is smooth
and continuous. The first two types have also been
proposed to describe the rabbit and the cat lenses
[21,22]. The third type is a modified version of the
second type, in which the iso-indicial surfaces re-
main asymmetric ellipsoids, but the surfaces of the
lens are no longer iso-indicial contours [15]. The last
type is more general, i.e., it is allowed any conicoid
surface shape and a non-smooth joint at the equator
[23,24]. The second and the third types provide a
closest simulation to the real situation of the set of
models provided. Ray tracing and ray path methods
are used to calculate lens refractive power in contin-
uous GRIN models. A more detailed information
on lens models can be found in Ref. [25].

Recently, in the framework of the two asym-
metric bi-elliptical types of the continuous GRIN

model, Pérez et al. [26] have found analytical
expressions in the paraxial domain by approximat-
ing the gradient parameter that characterizes the
refractive index distribution and the axial and field
rays [27] that describe the light propagation (as
well as the weak inhomogeneity condition) for a
small variation in the gradient parameter over a
defined wavelength distance. These rays were
defined by Luneburg in order to facilitate the study
of paraxial light propagation and aberration in
GRIN media. Then, the aim of this paper, as a first
step, is to find analytical expressions for locations
of the cardinal elements, for the magnifications
and for refractive power in order to know and to
analyse the paraxial properties of the human lens
from its GRIN nature in terms of the axial and
field rays. The new method has the power to add
new insights or predictions on a GRIN model of
the lens in such a way that, dependences on thick-
ness and on radius of the refractive power provide
predictions on refractive index profile changes in
the crystalline lens with age [28], and sign of deriv-
ative of the refractive power respect to thickness
provides new insights on the lens paradox [29]. Ex-
plicit expressions for every one of the third-order
aberrations in terms of the axial and field rays
can be derived and analysed and no ray tracing
methods are required [27-30].

2. Statement of the problem

For the asymmetric bi-elliptical model, the
refractive index profile at any point in the sagittal
section of the lens can be written as a power series
[17]
n(y,z):chfj(y,z), (1)

=0
where ¢; are coeflicients of the power series and
2

2
z—a
s =E )
with i = 1 for the front part (0 < z < @) of the lens,
and i = 2 for the back part (a; < z < d) of the lens.
The thickness of the lens along the z-axis is
d=a, + ay, b is the common semiaxis of ellipses
along the y-axis and @, and «; are the semiaxes along
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the z-axis of the asymmetric bi-elliptical iso-indicial
curves (Fig. 1). f(y, z) is defined so that, at the outer
surface of the iso-indicial profile, it becomes unity.

If the central index is n. and the edge index is n,,
from Egs. (1) and (2), we have the following
conditions:

n. = co, (3a)

ne = Z Cj (3b)
=0

and then

An = Z ¢, 4)
=1

where An is the difference in refractive index
between the edge and the centre of the lens.

To apply the well known results, in the paraxial
domain, applied to GRIN optics, to a crystalline
lens, we can now write Eq. (1) as [26]

nt2) = noe) 1 - £ )

where ng(z) is the refractive index along the z-axis
and g(z) is the gradient parameter which character-

y y

Equator

Front Back

~<
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Fig. 1. The refractive index distribution of the crystalline lens
in the sagittal section, represented as bi-elliptical iso-indicial
curves joined at the equator. For the iso-indicial curves the
origin of the axes is at V.

izes the refractive index distribution. As we are
only concerned with GRIN nature of the lens, in
paraxial domain, all terms higher than the second
order in y, for the refractive index, are aberration
terms and are rejected.

For the front part of the lens, we have

5 e ]
j=1 ‘] J| o

gl === ©)
where
0 2j
mele) = 2o = > (2 )
J=0
and for the back part of the lens
) ZZZ;ilzjcy[ZZZ']zu ’
G0 == (8
where
0 2
non(z) = ny(y,2)|,2g = Z ¢ (Z ;2611) . )
=0

Subindices f and b denote front and back parts of
the lens, respectively.

In particular, the values of the gradient param-
eter at the centre and the edges of the z-axis are
given by

2c
g =gilar) = gh(a) = ——3, (10a)
n.b
237 e
£=§@=£@:—7ﬁ4, (10b)

where Egs. (3) have been used.

On the other hand, it is well known that the
light propagation in a GRIN medium can be stud-
ied by using the axial and field rays, two linearly
independent solutions of the paraxial ray equa-
tion, in such a way that any paraxial ray can be
expressed as a linear combination of these two rays
defined by Luneburg [27]. For small variation in
g(z) over a wavelength distance, the weak inhomo-
geneity condition says [20]

&(2)]
g%(2)

<1, (11)
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where a dot denotes a derivative with respect to z
and the positions H, and Hyand the slopes H, and
H; of the axial and field rays in the crystalline lens
can be expressed as

1/2 2 2
g 1", 80, &l gk
i) =[] {157 2% -5
(12b)
o [g@1, g0, @@ [, §e7
H“(z)*{fgf} {1‘ 27 20 [l‘ K ]}
(12¢)
1/2 l 8. &(2) _g%(z)zz]
Hele) = @] {5 | - 23 [1 - 5
LI 2 2
|| [ e
(12d)
for the front part and
1/2 2 2
Hab<z)=[%ﬂ [1—%} (12¢)
g 17, (), &8 ][, &7
=] (- gl -
(12f)
7 ) [€@) V8@, &) &7
Hab()_{ge} {1 2 2gb(2){] 6 }}
(12g)

[Hw(2) = [ge8y(= 1/2{
¢

I fngEH g

(12h)
for the back part, with boundary conditions
Hy(0) =0, Hy(ar) = Ha(ar), (13a)
Hg(0)=1, Hg(a)) = Hplar), (13b)
Hy(0) =1, Hy(ar) = Hup(ar), (13¢)

Hff(o) =0, Hff(al) = Hfb(al)a (13(1)
and with Lagrange’s invariant
Hiypy (2)H (5 (2) = Hyr) () H 1y (2) = 1 (14)

for the specific boundary conditions given by Egs.
(13).

Likewise, matrices have been used for studying
paraxial light propagation in GRIN lenses if the
axial and field rays are known [31]. Then, using
matrix methods it is possible to analyse paraxial
light propagation in the crystalline lens as follows
[12]:

(y(z)) _ (i@ Hi)@ (y> 1) (y>
¥(2) Hyny(2) Hypy(2) ) o Yo

(15)
such that det H(z) = 1.

In Eq. (15), yo and y, are, respectively, the posi-
tion and slope of a paraxial ray at the input of the
front part of the lens and H and H ry are given
by Egs. (12). Solutions of t is matrlx equation
express the position y(z) and the slope y(z) of the
paraxial ray at any point of the lens as a linear
combination of the position and the slope of the
axial and field rays.

3. Cardinal elements: GRIN refractive power

The cardinal elements locations of the crystal-
line lens are dependent on the curvature radii of
the front and back surfaces, the refractive index
differences at the aqueous-lens and vitreous-lens
interfaces and the refractive index within the lens.
These locations may have a significant effect on the
lens refractive power. As commented previously,
here we are only concerned with the dependence
of the lens which arises from its GRIN nature
and the eye lens can be replaced by a GRIN lens
of thickness d and radius b (Fig. 2).

The back refractive power of the lens is
expressed as [32]

!
P; = 7

and the back vertex power is written as

(16a)
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Fig. 2. The crystalline lens as a GRIN lens with parallel faces
and thickness d.

/
= (16b)
where n} is the refractive index of the medium in
the image side of the GRIN lens and /" and /' are
the back focal and back vertex focal distances, gi-

ven by

!
n

f':H,Fl:*nebe(d)a (17a)
1y /__nlleb(d)_ /
I'=V'F = 7nerb(d) = f'Hp(d). (17b)

From Egs. (17), it follows that back focal and back
vertex focal distances depend on the position and
slope of the field ray evaluated at d. In particular,
axial and field rays at the edge of the crystalline
lens can be written as

2.d2
Hald) = (1- 5.5, (18)
272 . 2 72
o, &dT gd (. gd
Hp(d) =1 5 +2ge (1 G
272 .
. _gcd ge .
*1 2 +2ge Hab(d)a (18b)
2 52 242
g.d gd g.d
H, =1-2 _ 1 -2
db(d) 2 2ge( 6 )
2 72 .
g.d g
=1-°S__2%.q 1
2 2ge db(d)7 ( SC)

_ _<g§+ (2%3)2) Ha(d), (18d)

where Eqgs. (12e)-(12h) have been used.

In above equations, the relationship between
the slope of the gradient parameter and this
parameter at the edge is given by [26]

2
& _ e - Zjoiz/(] —1)e; — {Zjilfcj}
2g. 2dne - Y2 je; '

(19)

Eq. (19) says that the slope of the gradient param-
eter at the edge is inversely proportional to the
thickness of the lens.

Likewise, Eqgs. (17) provide the position of the
back focus from the rear principal point and the
vertex V7, respectively. Substitution of Egs. (17)
into Eqgs. (16) provides

PG = —n. - Hp(d), (20a)

Hp(d) PG
Hy(d)  Hp(d)

. (20b)

IV/ = —HN¢

From Egs. (20) it follows that the back refractive
power and back vertex power depend on the edge
index and the values of the position and slope of
the field ray at d. If the refractive index is constant
along the axis and ¢; = 0 for j > 1, the lens power
reduces to the power of the Wood lens when the
fourth term in g, is neglected [33].

On the other hand, the positions of the remain-
der back cardinal points can be found as follows:
the position of the back principal point H' with
respect to V” is expressed as [32]

[H —1
V/H/:l/_f/:nl[ fb(/d) ], (21)
Pg
where Egs. (17) have been used.

The position of the back nodal point N’ can be

written as

ny — n\Hp(d) _ nHep(d) —m

V'N' = ; ; ,
nerb(d) PG

(22)
where n; is the refractive index of the medium on
the object side of the GRIN lens and Eq. (20a)
has been used.

From Egs. (21) and (22) it follows that the sep-
aration between back principal and nodal points is
given by
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ny —nj
Pg
Therefore, Eq. (22) reduces to Eq. (21) and nodal
and principal points coincide as n; = n].
In the same way, the positions of the front car-

dinal points are written for the crystalline lens as
[32]

H'N' = — (23)

g —_ ™M
f=HF = wlin(d)’ (24a)
o _I’I]Hab(d) T
[=VF = ind) = fHap(d), (24b)
v = T mHa(d) (24c)
I’lerb(d) ’

Egs. (24a) and (24b) denote the front focal and
front vertex focal distances, respectively, and they
give the position of the front focus from the front
principal point and the vertex V' of the lens. Eq.
(24c) gives the position of the front nodal point
from the vertex V.

The front refractive power and front vertex
power are expressed, respectively, as

PG = —% = —nerb(d) = PlG’ (253)
b M Hyw(d) Py Hpl(d)
V= —— = —He¢— == == A
/ Ha(d) Hyp(d) Ha(d)
(25b)

where Eqgs. (20a) and (24a), (24b) have been used.

From Egs. (25) it follows that both powers
depend on the edge index and the values at d of
the slopes of the axial and field rays. Front refrac-
tive power coincides with the corresponding back
magnitude and the coincidence between front
and back vertex powers occurs as the value of
the slope of gradient parameter at the vertex is
neglected, that is, as Hab(d) = Hp(d).

Furthermore, the position of the front principal
point is given by

np [Hab(d) — 1]

W_I:l_f:_ P/
G

(26)

and the distance between front principal and nodal
points is written as

ny —nj

Pg
where Eqgs. (24c) and (26) have been used.

From Egs. (26) and (27) it follows that front no-
dal and principal points coincide and that front
and back principal points are located at the same
distances from the vertices V" and V', respectively,
as n; = ), and H(d) = Hp(d).

Finally, separation between principal points can
be written as (see Fig. 2)

t=HH =d—VH+ V'H' (28)

Inserting Eqgs. (21) and (26) into Eq. (28) we
obtain

HN = (27)

f_g_m +n) - nIHab/(d) — n{Hp(d) (29)
Pg
when n; = n}, Eq. (29) becomes
2— Hy(d) — Hyp(d
(= d - 22 (@) ~ Huld)] (30)
Pg
and if H,,(d) = Hp(d), Eq. (30) reduces to
1 —Hp(d
(= d - on L= Ho(@)] (31)
Pg
lgl/g”
0.25 - - - . ; : ;

Fig. 3. The weak inhomogeneity condition. Calculations have
been made for h=4.5 mm, d=3.6 mm (¢;=1.7 mm, a, = 1.9 mm),
co=1.406 and c¢;=-0.02 (solid curve); ¢; =—0.0201 and
¢, =0.0001 (dashed curve) and c; = —0.0201416,
¢, =0.0001423 and ¢3 = —0.0000007 (dotted curve).
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Similarly, separation between nodal points is
given by
e=NN'=d—-VN+V'N

. np +I’l’1 - }’llHab(d) — I’llleb(d)

=d 7 ,
PG

(32)

where Egs. (22) and (24c) have been used.

We obtain a well known result in geometrical
optics that it says the distance between the nodal
points is equal to the distance between the princi-

(@)
Hd)
4.8

41 42 43 44 45 46
d[mm]

3. . . . .
%.6 37 38 39 4

()
H, ()
0.994

0.992f |

099 F |
-

0.988

0.986

0.984F

0.982f

098

09781

0.97 . . . . .
% 41 42 43 44 45 46
d[mm]

6 37 38 39 4

pal points and when n; = n| the nodal and the
principal points coincide.

4. Magnifications

In treatments on magnifications of the crystal-
line lens, there is no consideration of its GRIN
nature and, hence, there is no possibility for know-
ing the angular and position transformations of
the rays induced by the refractive index profile.

(b)
H,(@
1

0.998
0.9961
0.9941
0.9921

099t

0.9881

0.986} e

984 . . . . .
0983.6 37 38 39 4 4.1

d[mm]

42 43 44 45 46

(d)

B x10”

52PN 1
54f X -

561 N E
st [ |

62} NS ]

04r \S

485 3.8 4 42 44 46
d[mm]

Fig. 4. Position and slope of the axial ray (a) and (b) and of the field ray (c) and (d), respectively, with lens thickness. Calculations have
been made for b and ¢; values of Fig. 3. Note that in (a) all lines for different coefficients are superimposed.
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Transversal, longitudinal and angular magnifica-
tions are significant magnitudes in an optical sys-
tem since they give such position and angle
transformations of rays propagating through it.
In particular, transversal and angular magnifica-
tions for the crystalline lens from its GRIN nature
take the forms [32]

ni
my = 0 0
‘ I’l]Hab(d) —|—ned1Hﬂ)(d)

M.A. Rama et al. | Optics Communications 249 (2005) 595-609

- }’llHab(d) + nelefb(d)
= n’]
— m

i Hyy(d) + ned Hy(d)

my

(33b)

where d; and d| are object and image distances
measured from vertices V and V7, respectively.

Inserting Egs. (20) and (25) into Egs. (33) we
have

_ niHp(d) + ned, H(d) 13 B n Py _ (ny —d\Py)Pg
- / ) ( a) my = — T ! p/ ’ (34&)
n (m —diPy)Pg mPy
72‘2)(10'5
23
24
=25
26
2.7
238
291"
36 38 72 o 4.6
&/2g, [mm ]
0 F— — — — —_— — — —_— — —_—
05F —_________________—-————-——_:
1 F E
1S5 F i
) g
_2 .5 1 1 1 1 1 1 1 1 1

36 3.7 3.8 3.9 4

4.1 4.2 4.3 4.4 4.5 4.6
d[mm)]

Fig. 5. Slope of the gradient parameter versus thickness. Calculations have been made for » and c; values of Fig. 3. Behaviour for four

coefficients is enlarged.



M.A. Rama et al. | Optics Communications 249 (2005) 595-609 603

8.5 / b

751 7

73.6 37 38 39 4 41 42 43 44 45 46
d[mm]

Fig. 6. Back refractive power versus thickness. Calculations
have been made for b and c; values of Fig. 3.

P! [D]
9.5

8.5t o’ ]

7.5t “ .

7 . . . . .
36 37 38 39 4 41 42 43 44 45 46
d[mm]

Fig. 7. Back vertex power versus thickness. Calculations have
been made for b and ¢; values of Fig. 3.

(}’l] — dlpv)PlG _ I’llP;;
mPy (m — d\Py)Pg

my, =

(34b)

note that m, = m_"' as n; = n|.
In the same way, expression for the longitudinal
magnification is given by [32]
nn,
. . 2
[nelefb(d) + I’llHab(d)}
. 2
_ [n\Hp(d) + nedHep(d)] (35)

nmn,

my = —

P',[D]
10

9.5f

6 . . . . . . . . .
4 41 42 43 44 45 46 47 48 49 5
b[mm)]

Fig. 8. Back refractive power versus equatorial radius. Calcu-

lations have been made for ¢; values of Fig. 3 and d = 4 mm.

P, ID]
10.5

10 p

95

9

85T

8

7571

7

65|

64 41 42 43 44 45 46 47 48 49 5
b[mm)]

Fig. 9. Back vertex power versus equatorial radius. Calcula-
tions have been made for ¢; values of Fig. 3 and d =4 mm.

last equation can be written in terms of refractive
powers as

nln’lP%,

2
(7’11 — d]P\/) P/é
(b —diP)Pg
=— 5 . (36)
mn Py

From Eqgs. (34) and (35), it follows that the rela-
tionship between magnifications is expressed as

m = —
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m, = —mym,. (37)
Eq. (37) for n; = n} reduces to
mi=—m or mim=-—1. (38)

Egs. (37) and (38) are other well known results in
geometrical optics.

5. Results

In order to analyse the paraxial behaviour of
the crystalline lens from its GRIN nature, we have

(a)
V'F[mm]
190

185 R
180}
175}
170}
165 |
160 F
155}
150

145}

140 . . . . . . . . .
36 37 38 39 4 41 42 43 44 45 46

(c) d[mm)]
V'F[mm]
210

200 7 E
190 |
180
170t
160
150

140

130 . . . . . . . . .
4 41 42 43 44 45 46 47 48 49 5

b[mm)]
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considered a lens characterized by a transverse
parabolic refractive index distribution in the sagit-
tal section, given by Eq. (5), modulated by a longi-
tudinal refractive index along the optical axis
containing up to a 6th order in z. Values of central
refractive index of 1.406 and edge index of 1.386
were taken from the Gullstrand schematic eye.
The coeflicients c; of the power series in the refrac-
tive index profile can be found by Egs. (3) taking
into account the weak inhomogeneity condition.
Fig. 3 shows this condition for two, three and four
coefficients of the power series in the refractive

(b)
V'H'[mm)]
-1.6

-3.4
3.6

4.1 42 43 44 45
d[mm)]

37 4.6
(d)
V'H[mm]

1.8

2t i
22k .

2.4} 4

-2.61 1

3.6 . .

42 43 44 45 46 47 48 49 5
b[mm)]

4 4.1

Fig. 10. Positions of the back focal (a) and principal (b) points, measured from back vertex, versus thickness and positions of the back
focal (c) and principal (d) points versus equatorial radius. Calculations have been made for ¢; values of Fig. 3.
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index profile along the optical axis. The more coef-
ficients we take into account, the better condition
(11) is satisfied. As the paraxial properties of the
lens depend on the values of the axial and field
rays at the output face, we depict in Fig. 4 the var-
iation of position and slope of these rays with
thickness for two, three and four coefficients in
the refractive index. Position of the axial rays in-
creases with thickness and there is no dependence
on the number of coefficients for the position of
the axial ray increasing with thickness (Fig. 4(a)).
However, the decrease of the slope of this ray

(@
VF[mm]
-145

-150

-155¢

-160

-165

-170

-140

-150

-160

-170

-180

-190 1

-200 ¢

21 . . . . . . . .
04 41 42 43 44 45 46 47 48 49

b[mm)]

depends on the number of coefficients (Fig. 4(b)).
Likewise, the slope of the ray for four coefficients
1s smaller than for three and two coeflicients,
respectively. In all cases, the angle between the
ray and the optical axis at the output is close to
n/4. Figs. 4(c) and (d) represent the variation of
the position and slope of the field ray at the output
with thickness. It can be seen that the position of
the field ray decreases with the number of coeffi-
cients and this position is smaller for two coeffi-
cients than for three and four -coefficients,
respectively. On the other hand, the slope of the

0.4 . . . . . . . . .
4 41 42 43 44 45 46 47 48 49 5

b[mm]

Fig. 11. Positions of the front focal (a) and principal (b) points, measured from front vertex, versus thickness and positions of the front
focal (c) and principal (d) points versus equatorial radius. Calculations have been made for ¢; values of Fig. 3.
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field ray has almost the same behaviour for the
highest orders of the index along axis (three and
four coeflicients) and it is higher than for the low-
est order (two coefficients) of the refractive index.
Direction of the field ray at the output is close to
the optical axis. Fig. 5 shows the change in the
slope of the gradient parameter referred to the gra-
dient parameter at the edge with thickness for the
above number of coefficients in the refractive in-
dex. In all cases, a slight increase occurs. Also,
the value of the relationship between the slope of
the gradient parameter and this parameter in-
creases with the number of coefficients and it tends
to zero for the highest number of coefficients.
g./2g. versus d is enlarged for four coefficients in
order to reveal this behaviour. A linear increase
of the crystalline lens back refractive power with
thickness is shown in Fig. 6 for the different num-
ber of coefficients in the refractive index. The back
refractive power is higher for two coefficients than
for three and four coefficients in the refractive in-
dex. At the last two cases, the back refractive
power achieves almost the same value. We depict
in Fig. 7 variation of the back vertex power of
the crystalline lens with thickness. A similar behav-
iour (as in Fig. 6) is shown altering both powers, it
is measured from focus and vertex, respectively, by
a value of approximately of 2 D between the thick-
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ness of 3.6 and 4.6 mm. On the other hand, slightly
higher values of the back vertex power are ob-
tained in comparison to the values of the back
refractive power for the different numbers of coef-
ficients. Figs. 8 and 9 represent the back powers
versus the equatorial radius of the lens for a lens
thickness of 4 mm and for different number of
coefficients in the refractive index. In both figures
a decrease of about 3.5 D in the back power with
b can be observed instead of an increase as in Figs.
6 and 7. The back refractive power and the back
vertex power are higher for two coefficients than
for three and four coefficients having almost the
same behaviour for the highest orders of the
refractive index along the optical axis. Figs. 10
and 11 represent the cardinal points positions of
the crystalline lens, measured from vertices, versus
d and b for n; = n} (nodal and principal points
coincide) and different number of coefficients in
the refractive index along the axis. Figs. 10(a)
and (b) depict positions of the back focal and prin-
cipal points versus thickness, and Figs. 10(c) and
(d) show these positions versus equatorial radius.
Back focus moves away from back vertex as equa-
torial radius increases (Fig. 10(c)) and it has a
reverse behaviour with thickness (Fig. 10(a)). In
both cases, distances from the vertex to the focus
are higher for three and four coefficients than for

(a) (b)
t[mm] t[mm]
0.155 0.144
0.15 0.142f
0.14 |
0.145
0.138}
0.14 0.136 |
0.135 0.134}
0.13 0.132f
0.13 |
0.125
0.128} .
0.12
0.126 .
Ols oalb—
36 37 38 39 4d[ 4~5 42 43 44 45 46 4 41 42 43 44 45 46 47 48 49 5
mm

b[mm]

Fig. 12. Separation between principal points with thickness (a) and with equatorial radius (b). Calculations have been made for ¢;

values of Fig. 3.
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two coefficients. Back principal point is located on
the left of the back vertex and inside the lens as
shown in Figs. 10(b) and (d). It moves away from
the vertex as thickness and equatorial radius in-
crease for all cases. Figs. 11(a) and (b) depict var-
iation of the positions of the front focal and
principal points with thickness and Figs. 11(c)
and (d) show the variation of these positions with
equatorial radius. Front focus moves away from
front vertex as equatorial radius increases (Fig.
11(c)) and it moves back to front vertex as thick-
ness increases (Fig. 11(a)). In both cases, a very
weak dependence on the number of coefficients is

(b)

shown. Front principal point is located on the
right of the front vertex and inside the crystalline
lens for the three cases as seen in Figs. 11(b) and
(d). Front principal point moves away from the
vertex as thickness increases (Fig. 11(b)). How-
ever, front principal point moves back to the ver-
tex as equatorial radius increases (Fig. 11(d)).
The variation of the separation between prin-
cipal points with thickness and equatorial radius
is represented in Fig. 12. Separation is higher for
two coefficients than for three and four ones.
Separation increases slightly with thickness and
equatorial radius for the three cases. Figs. 13

36 37 38 39 4 41 42 43 44 45 46
d[mm)]

(a)
m‘
0.915
0.91 | ]
0.905F .. ]
09 |
0.895}
0.89 |
0.885}
0.88 |
0.875}
0.87
0803637 38 39 4 41 42 43 44 45 46
d[mm)]
(c) m
-0.75
076}
077}
-0.78}
079}
08}
081}
o082
0.83———

36 37 38 39

4

4.1 42 43 44 45 46
d[mm]

Fig. 13. Transversal (a), angular (b) and longitudinal (c) magnifications versus thickness. Calculations have been made for b and ¢;

values of Fig. 3.
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(@)

0.92
091}

09t
0.89t
0.88}
087}

0.86¢

0'854 41 42 43 44 45 46 47 48 49

b[mm]

() m

1~094 41 42 43 44 45 46 47 48 49 5

b[mm]

0.72 ———
0.74F
06
078}
08}

-0.82F

-0.84

4 41 42 43 44 45 46 47

48 49 5
b[mm)]

Fig. 14. Transversal (a), angular (b) and longitudinal (c) magnifications versus equatorial radius. Calculations have been made for ¢;

values of Fig. 3 and d =4 mm.

and 14 depict magnifications versus d and b, for
different number of coefficients and for a image
distance d| =16.08 mm [34]. In all cases, a
dependence of magnification on the number of
coefficients is shown as d and b increase. Angular
magnification is higher for two coefficients than
for three and four coefficients in the refractive
index as d and b increase. A reverse behaviour
occurs for transverse and longitudinal magnifica-
tions. Angular magnification increases with d
(Fig. 13(b)) and transverse and longitudinal
magnifications decreases with d (Fig. 13(a) and

(c)). We have a reverse behaviour with b

(Fig. 14).

6. Conclusions

Using the asymmetric elliptical model, we have
presented analytical expressions for evaluating the
paraxial properties of the human lens from its
GRIN nature by the axial and field rays. In particu-
lar, cardinal elements location, magnifications and
refractive power of a lens, with transverse parabolic
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refractive index distribution in sagittal section mod-
ulated by a longitudinal refractive index along the z
optical axis containing up to a 6th order in z, have
been calculated as a function of the axial and field
rays that describe paraxial light propagation
through GRIN media. The values of ¢; coefficients
of the power series in the refractive index profile
were evaluated from the central and edge indices
as utilized in the Gullstrand schematic eye and from
the weak inhomogeneity condition. Results show
that the paraxial properties of the lens are sensitive
to the form of the axial refractive index profile, spe-
cially for two coefficients, but the sensitivity de-
creases as the number of coefficients increases. On
the other hand, an increase of 2 D and a decrease
of 3.5 D of the power occurs as the thickness and
the equatorial semidiameter vary between 3.6 and
4.6 mm and between 4 and 5 mm, respectively.
Magnifications have been evaluated and it resulted
in a well known relationship in geometrical optics
as applied to the relationship between them. A very
weak dependence of magnifications on the number
of coefficients as thickness and equatorial radius
of the crystalline increase has been shown. In short,
paraxial properties of the eye lens from its GRIN
nature have been easily evaluated by a new method
in terms of the axial and field rays. The potential
applications of such a method abound and the next
steps will be the inclusion in our model of the curved
end surfaces for the GRIN lens and the corneal com-
ponent of the eye to determine the cardinal elements
and the power of the whole eye and to evaluate the
MTF as well as to compare our model with other
ones available in the literature.
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