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Carmen Bao Varela
Universidade de Santiago de Compostela
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1 Introduction

It is well known that for any optical system, includin
gradient-index~GRIN! systems, it is not enough to be ab
to predict the image position and its size. Other import
properties of an image include, for instance, the brightn
and size of the field of view. These topics require a study
the limitations of the spatial and angular extents of lig
beams by stops and apertures. Even if the optical sys
under consideration accepts light rays that are not para
it is usually sufficient to treat stops and apertures and
lated effects by using methods of paraxial optics.1–5 Mar-
ginal rays are of particular importance for studying ba
magnitudes and topics related to the limitations of the s
tial and angular extents of light beams propagating in o
cal systems.6–9 Thus, the main task of this paper is
evaluate the effective radius and the numerical apertur
well as the aperture stop and the pupils of a tapered G
lens by marginal rays. The knowledge of these parame
should be useful when designing GRIN lens systems.

2 Statement of the Problem

We consider a tapered GRIN lens with rotational symme
of radius a and lengthd limited by plane parallel faces
perpendicular to thez axis whose refractive index profile i
given by

n2~r ,z!5H n0
2@12g2~z!r 2# for r<a and 0<z<d

1 otherwise,
~1!

provided that the GRIN lens is surrounded by a vacuum
free space, wheren0 is the index at the lens axis,g(z) is the
gradient parameter, andr 5(x21y2)1/2.

The paraxial ray equations at any transverse plane in
the tapered GRIN lens can be expressed as5

r ~z!5r 0H f~z!1 ṙ 0Ha~z!, ~2a!

ṙ ~z!5r 0Ḣ f~z!1 ṙ 0Ḣa~z!, ~2b!

wherer 0 and r and ṙ 0 and ṙ are the position and slope o
the ray at the input andz planes, respectively, and the d
represents the derivative with respect toz.
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Likewise,H f andḢ f andHa andḢa are the position and
slope atz of the field and axial rays, respectively. They c
be written as

Ha~z!5@g0g~z!#21/2sinF E
0

z

g~z8! dz8G
52@g0g~z!#21Ḣ f~z!, ~3a!

H f~z!5@g0 /g~z!#1/2cosF E
0

z

g~z8! dz8G
5

g0

g~z!
Ḣa~z!, ~3b!

whereg0 is the value ofg(z) at z50. Both rays are related
to each other by the Lagrange invariant

Ḣa~z!H f~z!2Ha~z!Ḣ f~z!51. ~4!

For a GRIN lens illuminated by an on-axis point source
a distanced1 from the input face~Fig. 1!, the ray slope at
this face is given by

ṙ 05
ṙ ~0!

n0
5

r 0

n0d1
. ~5!

Substitution of Eq.~5! into Eqs.~2! provides

r ~z!5r 0F~z!, ~6a!

ṙ ~z!5r 0Ḟ~z!, ~6b!

where

F
~• !

~z!5 H
~• !

f~z!1
H
~• !

a~z!

n0d1
. ~7!

Equations~6! can also be expressed as
303© 2002 Society of Photo-Optical Instrumentation Engineers
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Rivas-Moscoso et al.: Marginal rays . . .
r ~z!5R~z! sinF E
0

z

g~z8! dz81d0G , ~8a!

ṙ ~z!5g~z!R~z! cosF E
0

z

g~z8! dz81d0G , ~8b!

where

R~z!5F ṙ 0
21g0

2r 0
2

g0g~z!
G1/2

, ~9a!

d05tan21 S g0r 0

ṙ 0
D , ~9b!

and Eqs.~3!, ~6!, and~7! have been used.
Equations~8! show that the paraxial refracted ray path

the tapered GRIN lens is a sinusoidal path with amplitu
R(z) and initial phased0 ~Ref. 7!.

3 Effective Radius and Numerical Aperture

In a tapered GRIN lens, a ray will be confined if its heig
satisfies the condition

F ṙ 0
21g0

2r 0
2

g0g~z!
G1/2

<a. ~10!

Equation~10! shows that not all the rays reaching the inp
face of the lens will be confined through it and then there
an angular limitation in the cone of light entering the len

For the paraxial marginal ray Eq.~10! becomes

ṙ m
2 1g0

2ae
25a2g0g~z!, ~11!

whereae andṙ m are the position and the slope of this ray
the input face.

The marginal ray starting from an off-axis object poi
at a distanced1 from the input face~Fig. 2! with positionb
and slopeṙ 1m verifies that

S ṙ 1m

n0
D 2

1g0
2ae

25a2g0g~z!, ~12!

where

ae5b1d1ṙ 1m . ~13!

Fig. 1 GRIN lens illuminated by an on-axis point source at a dis-
tance d1 from the input face.
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From Eqs.~12! and ~13! it follows that

ṙ 1m
Sul D

5
2n0

2g0
2bd16n0@~11n0

2g0
2d1

2!a2g0g~z!2g0
2b2#1/2

11n0
2g0

2d1
2 ,

~14!

with prescriptionu is for plus andl is for minus since each
object point has upper and lower marginal meridional ra
corresponding to the solutions in Eq.~14!.

Likewise, the chief ray is the ray in the center of th
cone of light from any point of the object~Fig. 2!. Equa-
tions ~12!–~14! show that the slope of the chief ray is

ṙ 1ch52
n0

2g0
2d1b

11n0
2g0

2d1
2 , ~15!

and its position on the input face of the tapered GRIN le
is

ach5
b

11n0
2g0

2d1
2 , ~16!

the trajectory of the chief ray along the lens can be
pressed as

r
~• !

ch~z!5a
ch

H
(•)

f~z!1 ṙ chH
~• !

a~z!

5
b

11n0
2g0

2d1
2 @ H

~• !

f~z!2n0g0
2d1H

~• !

a~z!#, ~17!

where ṙ ch5 ṙ 1ch/n0 and Eqs.~2!, ~15!, and~16! have been
used.

Moreover, from Eqs.~13! and ~14! we can find the po-
sitions of the upper and lower marginal rays on the inp
face:

ae
Sul D

5
b6n0d1@~11n0

2g0
2d1

2!a2g0g~z!2g0
2b2#1/2

11n0
2g0

2d1
2 , ~18!

which determine the effective aperture of the tapered GR
lens given by

EA5
2n0d1@~11n0

2g0
2d1

2!a2g0g~z!2g0
2b2#1/2

11n0
2g0

2d1
2 . ~19!

Fig. 2 Limitation of rays in a GRIN lens for an off-axis object point.
Subindices m and ch denote marginal and chief rays, and superindi-
ces u and l indicate upper and lower marginal rays, respectively.
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Equation~19! indicates that the effective aperture decrea
asb increases. There is a maximum heightbm of the object
for which the GRIN lens will not accept any ray. This is s
when b is large enough to cancel the effective apertu
From Eq.~19! it follows that

bm5aFg~z!~11n0
2g0

2d1
2!

g0
G1/2

. ~20!

Thereforebm defines the spatial extent of the object, that
the size of the field of view in the object space.

Equations~14!, ~16!, and ~18! for the on-axis point (b
50) reduce to

ṙ 1m56n0aF g0g~z!

11n0
2g0

2d1
2G1/2

, ~21!

ach50, ~22!

ae5d1ṙ 1m56n0ad1F g0g~z!

11n0
2g0

2d1
2G1/2

. ~23!

Figure 3 presents an example of ray tracing for a GR
medium with a linear-divergent profile.

From Eqs.~21! and~22! it follows that the marginal rays
generate a revolution light cone around thez axis, subtend-
ing at 0 an angleu ~Fig. 1!. Then, the input numerica
aperture, a quantity specifying the light-gathering power
an optical system, is given by8

NAin5sinu5S ae
2

ae
21d1

2D 1/2

5n0aH g0g~z!

11n0
2g0@a2g~z!1d1

2g0#J 1/2

. ~24!

Fig. 3 Representation of meridional ray trace for a linear divergent
medium. We show the meridional marginal rays, the chief ray, and a
middle ray. Calculations were made for lens radius a52.5 mm,
GRIN lens thickness d57 mm, index at the optical axis n051.5,
g050.1 mm21, L5100 mm, object lateral displacement b51 mm,
and distance d155 mm.
Likewise, Eq.~23! defines the effective radius of the inpu
face of the GRIN lens for which the rays are confined
side it. Therefore, the evolution of the position and slope
the marginal rays can be written as

r
~• !

m~z!5aeF
~• !

~z!, ~25!

where Eqs.~6! have been used.
In this way, the maximum ray deviation from the centr

axis corresponds to a height equal to the edge of the G
lens in which the slope of the marginal ray is parallel to t
z axis. This fact provides the conditionsae5a/F(z) and

Ḟ(z)50 for the position and the slope of the marginal ra
at the edge of the lens, respectively.

On the other hand, there are conjugate topics relate
the image space. They are the output effective radius
the output numerical aperture given by

ae8~d!56n0ad18F g~d!g~z!

11n0
2g2~d!d18

2G1/2

, ~26!

NAout~d!5S ae8
2

ae8
21d18

2D 1/2

5n0aH g~d!g~z!

11n0
2g~d!@a2g~z!1d18

2g~d!#J 1/2

, ~27!

whered18 is the image distance measured from the out
face of the lens. Note that Eqs.~26! and ~27! can be ob-
tained from Eqs.~23! and~24! by replacingg0 , d1 , andae

by g(d), d18 , andae8 , respectively.
Input and output numerical apertures are important

rameters when we use a GRIN lens as a collimator or
cuser in optical connections to evaluate the collima
beam or the point spread function.10

Finally, another conjugate topic is the size of the field
view for the image space given by

bm8 5bmmt , ~28!

wheremt is the transverse magnification of the GRIN len5

mt5H f~d!1n0d18Ḣ f~d!. ~29!

4 Aperture Stop and Pupils

The aperture stop is the rim of the lens or the stop t
physically limits the cone of rays, from the axial point o
ject, passing through an optical system. For the aper
stop in a GRIN lens, the position and the slope of a m
ginal ray are given by

r m~ds!5a, ~30a!

ṙ m~ds!50, ~30b!

whereds is the position of the aperture stop measured fr
the input face of the lens~Fig. 4!.

From Eq.~25! it follows that Eqs.~30a! and~30b! can be
written as
305Optical Engineering, Vol. 41 No. 2, February 2002
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ae5
n0d1a

Ha~ds!1n0d1H f~ds!
, ~31!

Ḣ f~ds!

Ḣa~ds!
52

1

n0d1

, ~32!

where Eq.~7! has been used.
Inserting Eq.~32! into Eq. ~31! we have

ae5aḢa~ds!, ~33!

where Eq.~4! has been used. Equation~33! indicates that
the effective radius is proportional to the slope of the ax
ray at ds and Eq.~32! provides the aperture stop positio
given by

tanF E
0

ds
g~z8! dz8G5

1

n0g0d1
, ~34!

where Eqs.~3! have been used.
Once the position of the aperture stop is known,

entrance and exit pupils can be evaluated.11 The image of
the aperture stop formed by the part of the GRIN lens
tween the aperture stop and the on-axis object will prov
the entrance pupil. Thus, by taking into account GRIN le
law and transverse magnifications for an object placed
the input face of a GRIN lens of thicknessds , the position
of the entrance pupil measured from the front face of
GRIN lens can be evaluated9

denp52
Ha~ds!

n0Ḣa~ds!
5

21

n0
2d1g0g~ds!

, ~35!

and, likewise, the entrance pupil radius can be found

aenp5
a

Ḣa~ds!
5

ag0
1/2

g1/2~ds! cos@*0
dsg~z8! dz8#

, ~36!

where Eqs.~3! and ~34! have been used. Equation~36!,
from trigonometric relationship and Eqs.~23! and~34!, can
be expressed as

Fig. 4 Aperture stop in a GRIN lens for an on-axis object point.
306 Optical Engineering, Vol. 41 No. 2, February 2002
aenp5
a~11n0

2g0
2d1

2!1/2

g1/2~ds!n0d1g0
1/2

5
a2

ae
. ~37!

On the other hand, the image of the aperture stop formed
the part of the lens between the aperture stop and the im
08 of the axial object point located atd18 from the output
face of the GRIN lens provides the exit pupil~Fig. 5!.
Then, the position of this pupil is given by

dexp8 52
Ha~ds2d!

n0Ḣa~ds2d!
5

21

n0
2d18g~d!g~ds!

, ~38!

and its size by

aexp8 5
a

Ḣa~ds2d!
5

a2

ae8
, ~39!

where ae85aeuF(d)u is the output effective radius of th
lens. Note also that Eqs.~38! and~39! can be obtained from
Eqs.~35! and~37! by replacingg0 , d1 , andae with g(d),
d18 , andae8 , respectively.

We now return to off-axis objects. As is shown in Fig.
the limitation in the cone of light of an off-axis object poin
will happen in the planeds

u for the upper meridional ray
and in the planeds

l for the lower one. The turning position
of the upper meridional ray shifts toward the input face
the lens, and for the lower, it moves away from the inp
face. It acts like an aperture stop that tilts, and there will

Fig. 5 Limitation of rays in the image space.

Fig. 6 Aperture stop for an off-axis object point.
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Fig. 7 Effective aperture of a tapered GRIN lens against lateral displacement b of the object point.
Three different refractive index profiles have been analyzed: selfoc (solid line), divergent linear (dotted
line), and divergent parabolical (dashed line). For each case, the bm value is shown. Calculations were
made for the data cited in Sec. 5.
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a gradual loss of light until no image transmission
achieved. This causes vignetting, which completely blo
rays for off-axis points higher than a threshold height of
object.

Extreme positions of the aperture stop for the upper
lower marginal rays can be evaluated from the conditio
of Eq. ~30! to give

ae
Sul D

56aḢaFds
Sul D G. ~40!

Substituting Eq.~3b! into Eq.~40!, the extreme positions o
the aperture stop are given by

E
0

d
s

S ul D
g~z8! dz85cos21 H g0

1/2ae
Sul D

ag1/2Fds
Sul D GJ . ~41!

Moreover, the position of the center of the tilted apertu
stop is the positionds

c on the optical axis at which the chie
ray crosses it. For the center position,r ch(ds

c)50 and Eq.
~17! reduces to

tanF E
0

ds
c

g~z8! dz8G5
1

n0g0d1
, ~42!

where Eqs.~3! have been used. The positionds
c resulting

from Eq. ~42! coincides with the position of the apertu
stop for an on-axis object point.

5 Results

There are different kinds of tapered GRIN lenses depend
on the functional form ofg(z). In this section, the study
developed so far is applied to two refractive index profi
and compared with the well-known selfoc lenses.

Let us begin regarding lenses with divergent linear a
parabolical taper functions~whose importance as focuse
and in optical communications must be emphasized! given,
respectively, by

g~z!5
g0

11 z/L
and g~z!5

g0

~11 z/L !2 , ~43!

whereL is the distance fromz50 to the common apex o
the equi-index lines, andg05g(0).

We first analyze how the effective and numerical ap
tures evolve according to their dependence on differ
variables. Calculations are made for lens radiusa
52.5 mm, GRIN lens thicknessd57 mm, index at the op-
tical axis n051.5, g050.1 mm21, and L5100 mm; then
again, object lateral displacementb51 mm, distanced1

55 mm, andz520 mm except for those cases in which w
are interested in studying a magnitude as a function of
ther of the three of them.

In Fig. 7, the evolution of the effective aperture in term
of the object lateral displacementb is presented. The EA
decreases as the object point moves off the axis and up
height equal tobm ~maximum spatial extension of the ob
ject which contributes to the image formation!, calculated
from Eq. ~20!, where it vanishes. Herebm has values 2.85
and 2.60 mm, respectively, for the linear and paraboli
lens with the aforementioned parameters.

Figure 8~a! shows the evolution of the EA as the obje
moves backwards away from the input face of the GR
307Optical Engineering, Vol. 41 No. 2, February 2002
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Fig. 8 Variation of the EA with object distance d1 from the input face of the lens. A plot of the EA
against d1 is shown (a) as well as how high bm becomes as d1 increases (b). Again, the solid line is
for a selfoc lens, the dotted line is for a divergent linear lens, and the dashed line is for the divergent
parabolical one.
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lens. It varies from zero ford150 up to a value that can b
obtained ford1→` by solving

EA(d1→`)52aFg~z!

g0
G1/2

, ~44!

which is 4.56 mm for the linear lens and 4.17 mm for t
parabolical one.

In Fig. 8~b! we observe thatbm increases withd1 , being
ag(z)/g0 its value for d150. This means that the mor
separated the object is from the input face of the lens,
higher will be the maximum spatial extension. This is im
portant for the achievement of the most detailed ima
trying to diminish vignetting as much as possible.

Now consider Eq.~19!. EA assumes a real value fo
certain values of taper functiong(z) and thicknessz. This
defines an interval that goes fromz50 to z5zmax or,
equivalently, from g(z)5g0 to g(z)5g(z)min , where
g(z)min is

g~z!min5
g0

2b2

a2g0~11n0
2g0

2d1
2!

. ~45!

For the particular case studiedg(z)min50.0102 mm21,
which implies thatzmax equals 880.34 and 213.11 mm, r
spectively, depending on the index profile. In Figs. 9~a! and
9~b! this dependence is shown and we can deduce f
these figures that the dependence shows reverse beha
when the EA is plotted againstg(z), it goes from zero up to
a maximum value obtained forg0 , whereas it decrease
until it cancels atzmax whenz is the independent variable
neering, Vol. 41 No. 2, February 2002
rs:

For an on-axis object, it is possible to calculate the inp
numerical aperture (NAin) and see how it changes with th
variables on which it depends. In Fig. 10 we can see t
NAin decreases asd1 increases, going to zero asd1
stretches to infinity. On the other hand, Fig. 11 shows h
NAin evolves with gradient parameterg(z) andz. For the
sake of comparison, we can take into account Fig. 9. T
main difference between them is that in this case there is
upper limitation forz, which implies there is no minimum
value for the taper function. As a consequence, NAin varies
from zero to a maximum value forg(z)50 and g(z)
5g0 , respectively, and it presents reverse behavior foz
50 andz→`.

In all cases, the EA and NAin are higher for the linear
profile than for the parabolical profile, and even higher
the selfoc lens, but they present parallel behaviors for
cases.

Next, we study characteristics regarding aperture s
and input and output pupils. From Eq.~34!, the expressions
of the position of the aperture stop for the two profiles c
be deduced. These are

ds
l 5LH expF 1

g0L
tan21 S 1

n0g0d1
D G21J , ~46!

for the divergent linear lens, and

ds
p5LH F12

1

g0L
tan21 S 1

n0g0d1
D G21

21J , ~47!
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Fig. 9 EA of a tapered GRIN lens against (a) gradient parameter g(z) and (b) thickness z. In (b), the
dotted line is for a divergent linear lens and the dashed line is for a divergent parabolical lens.
ero

xit
for the divergent parabolical lens. Both of these tend to z
as d1 tends to infinity, whereas whend150, they reach
values given by

ds
l
(d150)5LFexpS p

2g0L D21G , ~48!

and
ds
p

(d150)5Lp/~2g0L2p!. ~49!

Figure 12 shows the dependence ofds on d1 . We can ob-
serve thatds decreases withd1 .

In Figs. 13 and 14, the evolution of the entrance and e
pupil radii, whose expressions are given by Eqs.~36! and
~39!, respectively, are seen withds and d1 . The entrance
Fig. 10 Relationship between the input numerical aperture (NAin) and object distance d1 for a selfoc
lens (solid line), a divergent linear lens (dotted line), and a divergent parabolical lens (dashed line).
309Optical Engineering, Vol. 41 No. 2, February 2002
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Fig. 11 NAin of a tapered GRIN lens against (a) gradient parameter g(z) and (b) thickness z. In (b),
the dotted line is for a divergent linear lens and the dashed line is for a divergent parabolical lens.
ob-
t
Fig.
pupil radiusaenp increases with increasingds , departing
from a value equal to the physical radius of the lens,
tained for ds50 (d1→`), and going to a valueds

max(d1

50) such that

E
0

ds
g~z8! dz85p/2. ~50!

The relationship betweenaenp andd1 is a reciprocal one.
neering, Vol. 41 No. 2, February 2002
The exit pupil radiusaexp8 presents radically differen
behavior. It spreads over the same range of values as in
13, starting atds50 (d1→`) whereaexp8 is

aexp8 (d1→`)5aFg~d!

g0
G1/2 H cosF E

0

d

g~z8! dz8G J 21

, ~51!

and ending up atd150, or ds such that Eq.~50! verifies,
with a value
Fig. 12 Dependence of aperture stop position ds on object distance d1 for the three refractive index
profiles in Fig. 7.
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Fig. 13 Entrance pupil radius aenp against (a) aperture stop position ds and (b) object distance d1 for
the three refractive index profiles in Fig. 7.
us

xis

y to
ilts.
top

ed.
per
er
aexp8 (d150)5aF g~d!

g~ds!
G1/2H sinF E

0

d

g~z8! dz8G J 21

. ~52!

All the curves intersect fords5d, the value for which
a selfoc lens reaches its minimum exit pupil radi
(aexp8 5a).

Now that the positions of the aperture stop for on-a
objects have been studied, it is time to extend the stud
include off-axis objects and see how the aperture stop t
As already noted, the center of the tilting aperture s
coincides with the positionds for on-axis objects, which
was analyzed in Fig. 12. From Eq.~41!, the upper and
lower positions of the tilted aperture stop can be extract
Their representation can be observed in Fig. 15: the up
position shifts toward the front of the lens while the low
Fig. 14 Exit pupil radius aexp8 against (a) aperture stop position ds and (b) object distance d1 for the
three refractive index profiles in Fig. 7.
311Optical Engineering, Vol. 41 No. 2, February 2002
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Fig. 15 (a) Upper and (b) lower positions of the tilted aperture stop (ds
u and ds

l ) against the lateral
displacement b of the object point for a selfoc lens (solid line), a divergent linear lens (dotted line), and
a divergent parabolical lens (dashed line).
hat
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one shifts toward the back, both forming a straight line t
goes through center positionds .

6 Conclusions

Equations for the marginal rays, effective aperture and N
aperture stop, pupils, and size of the field of view in tape
GRIN lenses were derived. The results obtained were
plied to GRIN lenses with divergent linear and paraboli
taper functions as well as compared to selfoc lenses.
knowledge of these topics should be useful for design
tapered GRIN systems.
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