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The analysis of light propagation in a tapered gradient-index (GRIN) medium when the input signal is a bi-

nary function is considered with the Walsh—-Hadamard analysis.

The study of the evolution of the sequency

spectrum through the GRIN medium by the Walsh-Hadamard transform confirms the self-imaging effect.
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1. INTRODUCTION

The orthogonal set of complex exponential functions plays
a fundamental role in the study of linear systems. In
fact, the Fourier analysis, based on such functions, is also
one of the most important mathematical tools in physics
and other fields. In optics the inherent ability of the
lenses to decompose optical signals into their spatial fre-
quencies permitted the development of Fourier optics and
several techniques of optical information processing.’

Another orthogonal and complete set of functions is
that constituted by the Walsh functions.? This set de-
fines the Walsh—-Hadamard transform, which is the
equivalent of the Fourier transform. The Walsh—
Hadamard transform establishes the Walsh—-Hadamard
spectrum or sequency spectrum. The study and process-
ing of the information in such a domain transformation
constitute the Walsh—-Hadamard analysis, which is as
useful as the Fourier analysis.

Walsh functions have been widely employed in the field
of communications.>* In optics the Walsh analysis has
been applied to digital image processing.? Moreover,
since it has been demonstrated that the binarized Walsh
functions verify the Talbot and the Lau effects® under cer-
tain conditions,” some applications of these properties
have been proposed.?? These studies show the simplicity
of applying the Walsh analysis in the study of certain
problems.

In a previous paper'® we demonstrated that the Walsh
functions verify the integer and the fractional self-image
phenomena when a Gaussian wave front is propagated
into a tapered gradient-index (GRIN) medium. Likewise,
the particular definition of the Walsh functions as prod-
ucts of Rademacher functions? has allowed us to demon-
strate an interesting relationship between the fractional
self-image orders and the different Rademacher functions
included in the definition of each Walsh function.

With these results in mind, in the present paper we
analyze light propagation through a GRIN medium by
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studying the Walsh—-Hadamard transform of apertures
represented by Walsh functions.

2. WALSH-HADAMARD ANALYSIS

The Walsh functions® form a complete and orthogonal set
of functions of rectangular waveforms taking only two
amplitude values, +1 and —1. The functions are defined
over a limited interval and are characterized by an order
number or index N integer. We denote the Walsh func-
tions by

Waly(2), t €[0,¢],

One way to obtain the mathematical expression of the
Walsh functions is to employ the Rademacher functions:

Rad, (), t [0, &],

These functions constitute an incomplete and orthogonal
set of periodic square waveforms of amplitude +1 and —1
and have a period d, that decreases with increasing order
number or index r:

N=0,1,2.... (1

r=20,1,2... (2)

d, = &1, 3)

The Rademacher functions can be derived from sinu-
soidal functions that have identical zero-crossing posi-
tions. In the interval ¢ € [0; £] they can be expressed
byll

. 4)

t
Rad,(¢) = sign[ cos( 2’77;)

For our application it is necessary to consider a definition
interval x, e [—§&/2; &2], and then the translation x
= t — (&/2) is introduced to preserve the shapes and
properties of the Rademacher functions, which take the

form
} ] . (5)

X0 1
27w — + —
3

Rad,.(xg) = sign{ cos
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The Walsh functions can be defined as products of the
Rademacher functions by

Waly(xo) = || [Rad,(x)J%". (6)

r=p

The integers m, p, and g, are defined by the binary ex-
pansion of N: N = 3" g,2", where g, are the corre-
sponding bits 0 or 1.

Since Walsh functions constitute a complete set, any ar-
bitrary function f(x,) can be expressed as

©

flxg) = 2 @y Waly(x,), )
M=0

where w; are the coefficients of the expansion and can be
obtained by

1 (e
wy = < (o) Waly(xg)dxg . ®
)
The coefficients w,; with M = 0,1,2,... represent the
peak amplitudes of the spectral components of f(x).
The set of these coefficients forms a series wy that ex-
presses f(x,) in the sequency domain. In the same way
that the Fourier transform represents the frequency spec-
trum, the set wy is the Walsh-Hadamard transform
(WHT) and represents the sequency spectrum or Walsh—
Hadamard spectrum of f(x).

3. STATEMENT OF THE PROBLEM

Studying how the evolution of the diffracted field along an
inhomogeneous medium works when a Walsh function
represents an aperture can help us to comprehend the be-
havior of the field for any function aperture, given that all
functions can be decomposed into Walsh functions.
Moreover, studying this problem by employing the
Walsh—Hadamard scheme offers a different approach to
diffraction in those media.

The refractive index of a tapered GRIN medium char-
acterized by a transverse parabolic refractive index modu-
lated by an axial index is given by

n?(x, z) = ng[1 — g%(2)x?], 9

where n is the index at the z optical axis and g(z) is the
taper function that describes the evolution of the trans-
verse index along the z axis. We have taken a quadratic
expression for the transverse optical index because all
terms of order higher than the second in x have been ne-
glected, the reason being these terms are aberration
terms for light propagation in GRIN media. The effect of
aberrations is seen to be the introduction of phase distor-
tions within the passband of the spectrum that could have
an effect on the fidelity of the signal and imaging process-
ing since the Walsh-Hadamard transform is a unitary
transform commonly used in such processing.

We will consider that a one-dimensional binarized
Walsh function of extension ¢ represents an input aper-
ture of the GRIN medium. Then its transmittance will
be

T(xo) = 5[1 + Waly(xo)] = Wa(xo), (10)
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where Wy(x,) is the binary expression of the Walsh func-
tion Walp(xq).

When this hybrid optical structure formed by the one-
dimensional object and the tapered GRIN medium is illu-
minated by a coherent nonuniform beam (Fig. 1), the com-
plex amplitude distribution at z = 0 will be

P(xg) = T(x9)ho(x0), (11)
where
w, 12
bolxg) = | ——| explie(0)]fxo; U0)] (12)
w(0)

is the complex amplitude distribution due to a Gaussian
illumination of wavelength A and

wU(0)x2
A

i (13)

Ylxo; U(0)] = exp

is the quadratic phase factor of the cylindrical Gaussian
beam. The beam parameters at distance Z, from the
waist plane of diameter 2w are given by the complex cur-
vature U and the on-axis phase ¢, that is,

N
U) = +1 , (14)
O R0 " 0
\Z,
¢(0) = tan™'| — 1, (15)
’7TwO

where R(0) and w(0) are the radius of curvature and the
half-width at z = 0, respectively.

The complex amplitude distribution in the tapered
GRIN medium at z >0 is given by the integral
equation!?

&2

Plx; z) = $(x0)K(x, xo; z)dxg, (16)
&2

where K is the one-dimensional optical propagator of this
medium expressed as

Fig. 1. Geometry of a tapered GRIN medium with a bivalued
aperture illuminated by a Gaussian beam.
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ny 172 ( 2w )
K b ; = .— ._
(x, x93 2) L) exp| i X nyz
.o gy 2
X expii )\Hl(z)[x Hi(z) + xgHy(2)
— Zxxo]], 1

where H,, H, and H 15 H 5 are the position and the slope
of the axial and field rays at z, respectively, the dot being
the derivative with respect to z.

The axial and field rays are given by'?

Hy(2) = [gog(2)] ¥ sin

gO } 1/2
—_— COos
g(z)

where g is the value of g(z) at z = 0. They can be ex-
pressed as

[aras].  ano
0

Hy(z) =

f g(z’)dz’}, (18b)
0

u(z)
Hi(z) = , (19a)
{g08(2)[1 + u?(z) ]}
12
8o
Hy(z) = [—] , (19b)
g(2)[1 + u?(2)]
where
u(z) = tan J'Zg(z’)dz’}. (20)
0

In a previous paper'® we showed that Walsh functions
verify the integer self-image condition at distances z,
such that

Re[G(z,)] d’
— " H{z)=v—, v=12., (21)
nolG(z,)|? A
where
U(0)H(2)
G(z) = —— + Hj(2), (22)
ng

and d,, is the period of Rad,(x,), the Rademacher func-
tion with minor index present in the product definition of
the Walsh function [see Eqgs. (3) and (6)]. Moreover, this
minor index p has to verify

2P > 1. (23)

These results predict that the irradiance will present rep-
licas of the Walsh-function aperture along the medium.
Therefore, Walsh—Hadamard spectra of the irradiance
should be very simple in such planes, because they should
display a single and important maximum in N similar to
the Walsh—-Hadamard transform of the Walsh function
Wa(xy). Using this, we will study the evolution of the
Walsh—Hadamard spectrum along the optical axis.
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4. EVOLUTION OF THE IRRADIANCE IN
THE TAPERED GRADIENT-INDEX
MEDIUM

To study the evolution of the irradiance through the
GRIN medium, we assume, for example and without loss
of generality, that a binarized form of Walggg(xg)
= Rad;(xy)Radg(xg)Radg(xy) is located at the entrance
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Fig. 2. Inputsignal: (a) central part of the transmittance func-
tion Wggg(xg), (b) the WHT.
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Fig. 3. Evolution of wgys in the GRIN medium along the z axis.
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Fig. 4. First positive self-image at z, = 0.42mm: (a) central
part of the irradiance distribution, (b) the WHT.

of the GRIN medium. The transmittance function of this
input signal is given by

T(xg) = 3[1 + Walggs(x()] = Wgog(xg).  (24)

In this case, we evaluated the irradiance evolution in
the GRIN medium from Eq. (16) by computer calculation,
assuming uniform illumination as a particular case of
nonuniform illumination when we took R(0) — Z,,
w(0) — o, and zp — o, with Z, being the curvature ra-
dius of the uniform wave at the input, and where

mnow?(0) :
Zp = ——— (25
r \
is the Rayleigh range that characterizes the Lorentzian
profile of Gaussian beam irradiance along the z axis of the
GRIN medium.

Moreover, we have considered a tapered GRIN medium

with a divergent linear taper function given by

() = —2 (26)
g T T
where L is the distance from z = 0 to the common apex of
the equi-index lines of the refractive-index profile.? Cal-
culations were made for ny, = 1.5, go = 0.01mm ™}, d,
= 9 um,\ = 0.7 um, L = 1 mm, and Z;, = 15 mm.
Figure 2(a) shows the central part of the function aper-
ture Wgog(x(), and Fig. 2(b) shows its Walsh—Hadamard
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spectrum evaluated by Eq. (8). Such a spectrum was cal-
culated by using a fast transform program and presents a
single maximum in N = 896; the maximum in N = 0
comes from the constant factor in Eq. (24). To study the
self-imaging phenomenon in the GRIN medium, we will
follow the evolution of wggs along the z axis. If the irra-
diance distribution is a copy of Wggg(x(), then its Walsh-
Hadamard transform should present a maximum in N
= 896. Figure 3 displays the evolution of the coefficient
Wgge in a range of z into the GRIN medium. Maximum
can be observed at z = 0.42mm, z = 1.05mm, and z
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Fig. 5. First negative self-image at z; = 0.19 mm: (a) central
part of the irradiance distribution, (b) the WHT.
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Fig. 6. Self-image distances calculated by Eq. (27) coincide with
maximum and minimum of Fig. 3.
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= 1.98 mm, and minimum can be seen at z = 0.19 mm,
z = 0.70mm, z = 1.47mm, and z = 2.61 mm; therefore
in these positions there are positive and negative self-
images, respectively, of Wggg(xg). This can be noted in
Fig. 4(a), which shows the central part of the irradiance
distribution at z = 0.42 mm, and can also be observed in
Fig. 4(b), its Walsh-Hadamard transform. Figure 4(a)
represents the irradiance of the first positive self-image of
Wggs into the GRIN medium. In Fig. 4(b) the maximum
in N = 896 indicates that the irradiance distribution at
z = 0.42mm has a strong contribution of Walggg(x(), and
the maximum in N = 0 comes from a constant factor.
Another maximum and minimum are depicted in the
Walsh—-Hadamard transform; they indicate that the re-
maining energy is distributed in some other orders owing
to the diffraction of the field by the finite dimension of the
input signal.

Figure 5(a) shows the central part of the irradiance dis-
tribution at z = 0.19 mm, the first negative self-image of
Wige(xg) into the GRIN medium. The Walsh—-Hadamard
transform of this irradiance is observed in Fig. 5(b),
where the minimum at N = 896 indicate that the irradi-
ance distribution at z = 0.19 mm has a strong contribu-
tion of —Walggg(xy) and the maximum at N = 0 comes
from a constant factor.

These self-image distances can also be obtained in a
different way by using analytical expressions. The axial
localization of Talbot images for a Walsh function Wy(x)
under these conditions is given by’

1
——tan~
goL

1 Vd?)nogozo

z,,=L[exp - 1]. (27)

Zo\ — le27
As in Eq. (21), even values of v correspond to positive self-
image distances, and odd values of v correspond to nega-
tive self-image distances. By using this expression we
have corroborated the distances obtained above, as shown
in Fig. 6.

We have demonstrated that the Walsh—-Hadamard
analysis is appropriate for studying the diffraction propa-
gation of a single Walsh function through a GRIN me-
dium, since the transform of such a function has a unique
characteristic component in the sequency domain. The
self-image phenomenon can be easily analyzed with this
formalism, because the replicas of the aperture have the
same characteristic maximum in the Walsh—-Hadamard
space. Even in more general situations the advantage of
the Walsh—Hadamard analysis can be noted. When the
input of the medium is composed of a limited number of
Walsh functions, its sequency spectrum will occupy a fi-
nite section of the transformed domain. In such cases
the Talbot effect can be studied by analyzing a finite num-
ber of maximum in the Walsh—Hadamard space. On the
other hand, these functions with finite spatial dimension
will occupy an infinite section in the Fourier spectrum do-
main. This has relevance in signal reconstruction for a
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given accuracy. For the same reason the use of the
Walsh—Hadamard analysis is also recommended when a
time-limited signal composed of a superposition of Walsh
functions is the input of the GRIN medium.

5. CONCLUSIONS

The Walsh—-Hadamard analysis has been employed for
studying light propagation through a tapered gradient-
index medium with input signal given by a binary Walsh
function. The Walsh—-Hadamard transform at self-
images depends strongly on the value of the index N of
the input signal (Walsh function). We have also shown
that the analysis of the Walsh-Hadamard spectrum pro-
vides the position of positive and negative self-images.
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