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The power spectral density of the intensity of jittery trains after an integer temporal Talbot dispersive line is
computed in the small-signal approximation. The influence in the spectrum of the optical linewidth and chirp
of the Gaussian pulses of the train and also of different pulse-to-pulse timing jitter correlations is addressed.
Before entering the Talbot dispersive line, timing jitter produces noise sidebands around the harmonics of the
train. The temporal Talbot effect adds a multiplicative factor to the noise spectral density that depends on the
characteristics of both the pulses and the dispersive line but not on the pulse-to-pulse correlation or the value
of the timing jitter’s standard deviation. The structure of this multiplicative term is peaked, resulting in nar-
rowband noise patterns in specific locations of the spectrum and, in particular, around the harmonics of the
train. Thus the temporal Talbot effect provides a dispersive mechanism for noise filtering. The bandwidth of
the dispersion-induced noise peaks is ~1 order of magnitude below the repetition-rate frequency. © 2005 Op-

tical Society of America

OCIS codes: 030.1670, 070.6760, 320.5550, 060.2340.

1. INTRODUCTION

The temporal Talbot effect is a well-established technique
for the generation of high-repetition-rate trains of coher-
ent pulses by use of a dispersive line.!™” To be precise,
multiplication of the repetition rate is obtained when a
dispersive line creates a fractional Talbot replica of the
original train. When the dispersive line is adjusted to
create an integer Talbot replica, the Talbot dispersive line
creates a replica of the original train and does not produce
any increase in its repetition rate.

However, a Talbot replica of a train is a different pic-
ture of the original train. The replica is created by inter-
ference of the dispersed pulses of the initial train, so a
specific pulse in the output train is formed by the inter-
ference of the neighboring pulses in the original train.
This implies that the output train is a coherent average of
the input, resulting in a self-restoration capability of the
temporal Talbot effect when the dispersive line is fed with
a nonideal train, which is a well-known fact in diffractive
optics.3? Therefore the Talbot replicas of nonideal noisy
trains can show intrinsic noise-smoothing features. Re-
cently this self-restoration capability under timing jitter
was explored.!® That examination was focused on the
time domain, showing a smoothing of the jitter through
flattening of the variance. Here we extend these results
to the spectral domain.

Our objective in this paper is an analysis of the power
spectral density of the intensity of integer Talbot-
imagined trains when the original train suffers from tim-
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ing jitter. This quantity is proportional to the radio-
frequency (RF) noise measured in an electrical spectrum
analyzer after direct detection of the train with an ideal
receiver of infinite bandwidth. It is shown that specific
portions of the initial noise content are filtered after the
Talbot device. In particular, noise survives in the vicin-
ity of the harmonics of the train, but, depending on the
spectral bandwidth of the original noise spectrum, it can
provide a dispersive mechanism for noise reduction.
Noise is filtered up to offset frequencies that are ~1 order
of magnitude below the frequency of the repetition rate.
Additional narrowing of this bandwidth is obtained
through an increase in either the integer Talbot index or
the linewidth of the pulses. Thus the potential applica-
tion of the effect is restricted to jittery trains with an ini-
tial broadband noise spectrum, high pulse linewidths, and
highly dispersive lines.

These features have also been reported after an exact
analysis of the spectral content of the intensity when the
on—off keying of the pulses in the train is considered a
source of coherent noise.'! The results presented here
are not exact but rely on a small-signal approximation of
the jitter source. This technique has been widely applied
in the analysis of the RF intensity spectrum of timing jit-
ter noise in mode-locked lasers.'>™*®  Although much of
our notation is inherited from these earlier papers, our re-
sults have a wider scope, because the only basic assump-
tion is the coherence of the underlying optical carrier.
Moreover, and in contrast to our previous time-domain
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study'® in which independent pulse-to-pulse jitter varia-
tions were assumed, here arbitrary pulse-to-pulse timing
jitter correlation is allowed.!?

The plan of this paper is as follows: In Section 2 we
analyze the power spectrum of the intensity of the jittery
trains before and after the trains pass through a Talbot
dispersive device. Details of the small-signal computa-
tion of the power spectral density are deferred to Appen-
dix A. In Section 3 we present a number of examples of
the intensity spectrum, targeted on 10-GHz trains. In
Section 4 we numerically investigate the conditions for a
decrease in the noise power around the harmonics.
Finally, our conclusions and a discussion are presented in
Section 5.

2. INTENSITY POWER SPECTRUM

The propagation of pulses carried by monochromatic light
in guided dispersive media is modeled by use of a linear
system. The pulse envelope, E(z, t), propagates in the
absence of attenuation and nonlinear effects according to
the law?®

JE By *E
L (1)
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where B(w) = Bg + (0 — wy)B1 + (0 — wg)?Bo/2 + ...

is the expansion of the dispersion relation around optical
carrier frequency w, and ¢ is the time measured in the
proper frame of reference of the pulse, ¢ = t,,, — 812,
where %, is the physical time. B3 and other higher-
order dispersion terms are not taken into account. The
impulse response or propagation kernel of linear problem
(1) is the one-dimensional Fresnel diffraction kernel. For
a dispersive medium of length L, its transfer function is
H{w) = exp(iéw?/2), where ¢ = B,L is the accumulated
dispersion of the line. Let us consider as input field en-
velope E(t) a jittery train of Gaussian pulses:

Eo(t) = ; f(t = kto — ap)

= > expl—(t — kty — ap)(1 + iC)/2t,%]. (2)
k

In Eq. (1), f is the pulse profile, which is assumed to be
Gaussian and linearly chirped; C is the chirp parameter
and ¢, is its temporal width. Unless stated otherwise,
sums and integrals run from —« to +%. Timing jitter is
modeled by use of an infinite collection of random
variables!'® a,(k = —o,...,+x), so t, is the exact period
of the train in the absence of jitter. This assumes that
jitter does not alter the pulse profile. We also assume
that the pulse widths are smaller than the exact period,
t, < ty, in such a way that overlapping between Gauss-
ian pulses in the input train can be neglected. Jitter
variables a; have zero mean and standard deviation o;,
and the average over the values of @, is denoted by brack-
ets, ( ). Therefore (a,) =0 and (a,? = o for any
pulse index m. Correlation between pulses, assumed sta-
tionary, is described by pulse-to-pulse timing jitter corre-
lation function R, defined as R(k) = R(—-k)

= <amamik>'
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The input envelope [Eq. (2)] is transformed by the lin-
ear system [Eq. (1)] into output 9nvelope Et). The Fou-
rier transforms of the input, Ey(w) = [ dt exp(iwt)E((t),
and the output, E o), fields are related by

Egw) = Hyw)Eo(w)
= t,[27/(1 + iC)]" exp(—pw?/2)

x > exp(iokt, + iway), (3)
k

where we have introduced the notation p = 72 — (&
— iC7? and U7 = (1 + C*)Y/t,. The quantity 1/7 is
the linewidth of the pulses in the train. We assume that
the standard deviation of timing jitter o; is much smaller
than the inverse of the pulse’s linewidth, o; < 7. The ap-
proximate formulas for the power spectral density that
we derive are based on a second-order expansion of o;/7
or, equivalently, on a small-signal approximation in the
variables a, .

The temporal Talbot effect arises when the absolute
value of the accumulated dispersion of the line is an inte-
ger of the fractional multiple of a basic scale:

to® ¥

€= 5-— 4)
where y and « are positive and coprime integers. The ef-
fect consists of a formation of a replica of the original
train when the ratio y/a is an integer number (a = 1)
and of a more-complex periodic structure when this ratio
is fractional. These two conditions lead to an integer or a
fractional Talbot effect, respectively.!” We are interested
only in the properties of integer Talbot-imagined trains,
so we set « = 1 in what follows.

The temporal properties of the integer Talbot-filtered
trains can be described on the basis of Eq. (3) as follows:
Let us consider nonjittery trains, i.e., a;, = 0, such that in
Eq. (3) the spectral content is composed of frequencies
= kwy, where w; = 27/t is the fundamental harmonic
of the train. Then, at those values of dispersion given by
Eq. (4) with @ = 1, the transfer function reduces to
H ko, = exp(*imyk?) = (—1)*. When 1y is even, the
integer Talbot filter is unity in the harmonics and thus
leaves invariant the spectral components of the train.
The Talbot replica is therefore a train composed of the
same initial Gaussian and linearly chirped pulses. When
vis odd, the integer Talbot filter adds relative phase shift
7 between consecutive harmonics. The replica is also
composed of the same initial Gaussian and linearly
chirped pulses, now shifted by ¢,/2 in the proper reference
frame.

Notice from Eq. (3) that linear chirp and dispersion
have similar functions, through the imaginary part of the
p parameter. This means that in certain conditions a
pulse sequence that results from a dispersive line is not
necessarily a replica of the initial train. Let us consider
a small deviation of dispersion from the design value, ¢
= ¢p + AE, with |&p| = to2y/27 and |Aé| < |ép|. Be-
cause of the cumulative effect of dispersion, the effect of
this line over the initial train can be explained in a two-
step way. The &p portion of the line creates an exact rep-
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lica of the train, composed of the original Gaussian and
linearly chirped pulses, whereas the extra amount of dis-
persion A¢ compresses or broadens these pulses individu-
ally. The temporal width ¢,," of the resultant pulses is16

1+ (C+ Ag/72)2]"

1+ C?

(%)

For instance, if an extra amount of dispersion is added or
extracted such that C + A&/72 = 0, the output pulses get
compressed. This is the conventional method of pulse
compression by a dispersive line, applied here to the out-
put pulses of the train. In this paper, and to simplify our
analysis, we take into consideration only exact Talbot val-
ues, i.e., values of the form |&| = ¢,2y/2, thus retaining
parameter C as the true chirp of the pulses of the initial
train and its replica. In any case, our formulas are suit-
able for the analysis of deviations of these values of dis-
persion according to the preceding discussion.

From these considerations it also follows that a Talbot
filter is defined by its ability to introduce the appropriate
spectral phases into the spectral content of a coherent
train, through the imaginary part of the p parameter.
The use of a dispersive line is the most obvious choice for
performing this task, but any device designed to create
the necessary phases would filter the train in the same
way. For instance, pulse compression has been demon-
strated without the use of a dispersive line together with
the Talbot increase of the repetition rate of the
sequence.®1?

Inasmuch as dispersion is a phase-only filter, the tem-
poral Talbot effect leaves invariant the power spectrum
|Eo(w)|? of the optical envelope, as measured in an optical
spectrum analyzer.>” However, if detection occurs after
the dispersive device, the photocurrent that is generated
is proportional to the intensity, I.¢) = |[EJ¢)|%, so
dispersion-induced phases of the different spectral compo-
nents of the train can distort the power spectrum of the
detected train by multiple interference. The RF spec-
trum of the intensity is obtained from the Fourier trans-
form of the mean correlator of intensities?’:

Syw) = j ocdTeXp(in)

—®

72T

1 rT
lim—J de(I (¢ + T)Ig(t))}
2 -7

(6)
The power spectral density of this dispersed train is com-
posed of a signal manifested in the RF spectrum by har-
monics at multiples of the fundamental frequency of the
train, wy = 27/t,, and a noise spectrum, S§<N)(w). The
main result of this paper is the analysis of the noise spec-
trum of the intensity, computed to second order in a, .
Its value is

108 M () = 0 J(0)D(w) Y, Gy(0)M,(w). (1)

The details of the computation are presented in Appendix
A. In formula (7) the power spectrum is composed of a
sum of four types of contribution. The first one is a
smooth broadband function, w?J(w), which represents
the envelope function of noise in the spectral domain that
has bandwidth 1/7
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o’ (w) = wtpzwz exp(—w?72/2). (8)

The second function in formula (7), ®(w), is the power
spectrum of the timing jitter,'® which is the Fourier trans-
form of the jitter correlation function:

d(w) = >, R(k)exp(iwkty). 9)
k

This function is manifestly wy periodic, and, in general, it
is narrowband about the harmonics.'?>® However, in the
noncorrelated timing noise limit, R(k) = sz S0, the jit-
ter noise becomes white, i.e., ®(w) = 0']-2.

The terms in the sum in formula (7), however, are dis-
persion dependent and jitter independent. Each term in
this sum is composed of a Gaussian function G,(w), to
which we refer as the n spectral window, and an oscilla-
tory function M ,(w), to which we refer as the modulation
function of the n window. The functions G,(w) account
for the portions of noise at which the previous noise con-
tributions, w?J(w) and ®(w), are damped, thus providing
the mechanism of noise filtering by multiple interference.
Their functional form is Gaussian:

G,(w) = exp[—(wé + wC72 — nty)?/(27%)]. (10)

Finally, the functions M ,(w) modulate the spectral win-
dows G,(w) through a combination of oscillatory terms:

M, () = [cos(onty/2) — (£ + C12 — nty/w)
X sin(wnt/2)/72]2. (11

These functions M, (w) are regular in the limit @ — 0.

To gain intuition into the formulas written above, let us
consider the input-noise limit. This is the RF noise of the
intensity of the train before it enters the dispersive line,
measured by direct detection of the train with a high-
bandwidth photodetector. We obtain it by setting £ = 0
in expressions (7)—(11). First, notice that the spectral
windows become centred at w = nty/|C|72. Because ¢,
> 7 and the bandwidth of the spectrum of the individual
pulses is of the order of 1/7, the peak contribution of
G,(w) when n # 0 lies outside the pulse spectrum.
Therefore we neglect the contributions of all the spectral
windows except that with index n = 0. In addition, the
corresponding modulation function is unity, My(w) = 1,
and thus the input noise spectrum reduces to

toSoM(w) = 0?|F(0)]?*®(w), (12)

where |F(0)|? = mt,? exp(—w”,%/2) is the spectrum of the
intensity of a single pulse, |f(¢)|2. This formula is well
known in the context of characterization of noise in fun-
damentally mode-locked lasers.'?7!® Its interpretation is
simple: Direct detection of the mistimed train [Eq. (3)]
originates a jittery photocurrent proportional to the in-
tensity, Io(t) = 3,|f(t — kty — a,)|?, where we have ne-
glected any pulse overlap in the sum. Then, by expand-
ing this photocurrent linearly in the jitter variables, we
recover the noise spectrum [formula (12)]. Thus direct
detection of the original train misses the information on
the phase of the pulses and is therefore independent of
any phase modulation.

When a replica of the train is created after a Talbot dis-
persive line, the basic features of the noise spectrum are
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similar to those found in the analysis of noise induced by
on—off keying of an exact train.'’ First, the broadband
envelope of the spectrum, w?J(w), extends along the op-
tical linewidth of a single pulse of the train such that, if
the pulses are chirped, the noise bandwidth is broader
than the bandwidth of the input noise envelope
w?|F(w)|?. Second, noise is filtered around the maxima
of the spectral windows G,(w). These maxima are lo-
cated at

") =

ntg n 27C 712
wf— 2

—_— = 1 — sign(§) — —|.
l¢ + Cr2 y

to
(13)

According to formula (13), when the initial pulses are
unchirped and spectral window index n is a multiple of v,
these windows are centered, like ®(w), over the harmon-
ics. When Talbot index vy is not unity, between two con-
secutive harmonics there are y — 1 spectral windows uni-
formly separated. When the initial pulses are chirped
there exists a deviation of the maxima of the spectral win-
dow functions G,(w) that depends on the relative sign be-
tween dispersion and chirp. When dispersion is positive,
£ > 0, the maxima [formula (13)] are redshifted (blue-
shifted) if the chirp is positive (negative). The noise spec-
tral window with index n will therefore exhibit a maxi-
mum in the neighborhood of a harmonic of the train when
n = hy, where h is the harmonic index. The noise maxi-
mum can be raised with respect to the noise value before
dispersion. Nevertheless, the precise value of noise at
the harmonic frequencies & w, does not change.

The full width of the 10-dB decay of these spectral win-
dows is computed from Eq. (10), providing a simple esti-
mate of the bandwidth of the resultant noise spectrum
about the harmonics:

22 T T 43
=43— = —.
Vlogpe |& + Cr? & ¢@

This width is common to all the spectral windows. In for-
mula (14) we have defined parameter Q:

(14)

AWw =

Y to
Q=——. (15)

27 T
Because the temporal width of a pulse after a dispersive
line of high dispersion & goes as'® £,Q, @ is the temporal
dispersion-induced spread of an individual pulse with re-
spect to the pulse separation and represents the number
of basic time periods of the original train that occupies a

pulse after dispersion.

Finally, each of these spectral windows is modulated by
the functions M,(w). In this case the structure of the
modulation is richer than that found in the analysis of
on—off-keyed trains after Talbot devices.!' First, notice
that on the top of the spectral windows that correspond to
output harmonics (n = hy) the value of M ,(w) is unity,
showing ripples as the offset from the top increases.
When the spectral window index does not correspond to
an output harmonic, however, the modulation function
does not reach a local maximum on top of the windows.
Then these windows show tips on top that are due to this
nonmaximal modulation. Moreover, modulation maxima
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are in general bigger than unity, so noise can rise above
the broadband envelope [Eq. (8)]. We present an ex-
ample of this property in Section 3 below.

Noise vanishes when modulation reaches zero, M ,(w)
= 0; near the n window that corresponds to the 4 har-
monic, the equation M,(w) = 0 can be represented by
means of a variable x that accounts for the offset from the
value of the harmonic, w(x) = w{h + x). Then the ze-
ros of the modulation are the solutions of

27Q?

x
—_—. (16)
x

cot(mhyx) = sign(&)C + "y

A graphic analysis of this function shows that there exist
two different sets of solutions, which correspond to equal
numbers of positive and negative values of x. There ex-
ists a zero in each incremental offset of width w//n on the
left and the right sides of the harmonics that correspond
to the branches of the cotangent function. The location of
the zeros is not exactly symmetric with respect to the har-
monic, even in the absence of chirp. Therefore, noise
skirts around harmonics will always be asymmetric. Be-
cause of the decreasing character of the branches of the
cotangent function, when both chirp and dispersion have
the same sign the zeros of modulation are located at lower
values of the offset than those with unchirped pulses. If
chirp and dispersion have different signs, the offset of the
zeros increases. For large values of @ the two sets of left
and right solutions approximate the solutions of
tan(mhyx) = 0. These properties are also exemplified
and analyzed in the Section 3.

3. EXAMPLES OF THE POWER SPECTRUM

To present examples of the power spectrum it is necessary
to introduce a concrete model for the correlation between
pulses. It is not our objective to review the possible char-
acteristics of noise and its origin. They ultimately de-
pend on the concrete systems that generate the trains.
Here we use a simple model derived from the noise theory
of fundamentally mode-locked lasers,'® which permits a
general illustration of the traces in the intensity spec-
trum by consideration of different types of pulse-to-pulse
timing jitter correlation.

We assume that jitter is correlated through a recursive
relation between adjacent pulses. The deviation of the
center of the pulses is a fraction » > 0 of the deviation of
the previous pulse, augmented by an additional term ¢,, :

A = Ny 1 + €, . a7

It is assumed that both quantities have zero mean, (a,,)
= (¢,) = 0, and that the additional terms are mutually
independent and thus uncorrelated, (e,e,) = T%6,,,.
Therefore 7 controls the correlation between pulses and
depends on the underlying mechanism of pulse genera-
tion. The jitter variations described by parameter e,,,
however, represent noise induced by spontaneous emis-
sion or vacuum fluctuations.

The relation of the two parameters, 7 and T, to the rms
value of jitter is T? = O'J»Z(l — 5%). The correlation func-
tion is R(k) = 0j2 n‘k‘. Thus jitter noise is uncorrelated
and therefore white when 7 = 0, whereas totally corre-
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Fig. 1. Intensity power spectral density (PSD) of a jittery train
of pulses ( g; = 100fs, » = 0.7) before and after a temporal Tal-
bot device with index y = 1. Pulse width, ¢, = 10 ps; chirp, C
= 0; repetition rate, 10 GHz; @ = 1.59. Above, numerical
power spectral densities for the input and output trains (continu-
ous curves) and numerical power spectral density of the mean
signal (dotted curve). Below, analytical noise power spectral
densities for the input (dashed curve) and output (continuous
curve) trains.

lated noise corresponds to 7 = 1. The timing jitter’s
spectral density is straightforwardly computed from the
correlation, resulting in a Fabry—Perot-type function:

1- 7
P(w) = 0'j2 . (18)
1 — 2gycos(wty) + 72

Notice that this function is manifestly periodic, with a pe-
riod equal to the fundamental harmonic of the train, and
is peaked in the harmonics. Thus the noise spectrum’s
density before it enters the Talbot dispersive line has
symmetric noise RF sidebands or skirts around each har-
monic. Expansion of Eq. (18) around a harmonic 4w, re-
duces the form of the skirts to a Lorentzian shape.!®

In all the examples presented in this section the pulse-
to-pulse-temporal separation is ¢, = 100 ps, correspond-
ing to trains with repetition rate w;= 27 X 10 GHz.
The temporal width of the pulses in the train is ¢,
= 10ps, and the jitter’s standard deviation is o;
= 100fs. The simulations presented here were gener-
ated from a string of 1024 basic periods, each with 64
sample points. The power spectrum is estimated nu-
merically by use of the Bartlett algorithm,?! averaging 8
spectra, each obtained from a sequence of 128 time peri-
ods. The frequency separation of the points in the spec-
trum is therefore 78 MHz (=1/128 X 100 ps). dJitter is
created numerically by use of standard pseudorandom
number generators and recursive relation (17).

In Fig. 1 we represent the spectrum of a train of un-
chirped pulses (C = 0) that corresponds to the intensity
of the jittery train before and after the Talbot dispersive
line. Dispersion is adjusted to create the first integer
Talbot image of the original train (y = 1), so @ = 1.59.
The parameter that describes correlation is » = 0.7. In
the lower part of Fig. 1 we represent by a dashed curve
our analytical approximation of the noise spectral power
of the detected train before it enters this dispersive de-
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vice, as given by formula (12). By a continuous curve we
plot analytical formula (7) of the noise spectral power of
same train detected after the Talbot device. In the upper
part of the figure we depict the simulation of the spectra
before and after the Talbot dispersive line, normalizing
the dc component to 0 dB. These spectra show peaked
contributions that correspond to the harmonics of a per-
fect train. To help in visualizing the contributions of
noise we represent the spectrum of the mean signal by us-
ing a dotted curve. The agreement between simulations
and analytical formulas is excellent.

To appreciate the different contributions to the RF
noise skirts around the harmonics, we plot in Fig. 2 the
contributions to noise in the right-hand offset near 50
GHz. The offset runs up to 5 GHz, the midpoint between
harmonics. At the left in Fig. 2, and normalizing the
power spectrum to 0 dB at zero offset, we represent jitter
power spectrum ®(w) by using a dashed curve, modula-
tion function M, _5(w) by using a continuous curve, and
window function G, _5(w) with a dotted curve. The dif-
ferent contributions to the total power spectrum are
clearly observed. The jitter power spectrum has a 10-dB
half-width of 1.71 GHz; the 10-dB decay half-width of
spectral window function G, _5(w) is 2.15 GHz. Modula-
tion function M, _5(w) provides an additional structure to
the resultant right-hand noise skirt. The product of
these contributions is depicted at the right in Fig. 2 by
continuous curve, together with the contributions of the
window function and the jitter power spectrum for com-
parison. Notice that the global 10-dB decay half-width
has been reduced to less than 600 MHz.

The locations of the zeros of the modulation in Fig. 2
were obtained by numerical integration of Eq. (16). In
Fig. 3 we present the positions of the offset that corre-
spond to the zeros as a function of parameter @ for the
fifth harmonic (A = 5), and the first integer Talbot device
(y = 1), for three values of the pulse chirp: C = 0 (con-
tinuous curves), C = 1 (dashed curves), and C = —1

o

Y
o

3

B
=}

a
<]

Normalized PSD (dB/Hz)

-]
<]

70}

-80 : - . - -80

10’ 10 ° o 10°

? 10 10’ 1

Right offset frequency (MHz) Right offset frequency (MHz)
Fig. 2. Contributions to the right-hand offset noise spectrum of
the train in Fig. 1 near the fifth harmonic (n = h = 5). Left,
dashed curve, jitter power spectrum ®(w); dotted curve, spectral
window function G, _5(w); continuous curve, modulation func-
tion M, _5(w). Right, dashed curve, jitter power spectrum ®(w);
dotted curve, spectral window function G,_5(w); continuous
curve, product ®(w)G,_5(w)M,_5(w). PSD, power spectral
density.
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Freguency offset (GHz)

! 2 B 4 5 6 7 8 9810
Dispersion parameter Q

Fig. 3. Frequency offsets corresponding to the location of the ze-

ros of the modulation function for the fifth harmonic (A = 5) and

the first integer Talbot replica (y = 1). Chirp: C = 0, con-

tinuous curves; C = 1, dashed curves; C = —1, dotted curves.

Intensity PSD (dB/Hz)
L T T T S, A , .
& 8 883 588838808 o

)
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Frequency (GHz)

Fig. 4. Intensity power spectral density (PSD) of a jittery train
of pulses (g; = 100 fs, » = 0.7) before and after a temporal Tal-
bot device with index with y = 1. Pulse width, ¢, = 10 ps,
chirp, C = 1; repetition rate, 10 GHz; @ = 2.25. Above, nu-
merical power spectral densities for the input and output trains
(continuous curves) and numerical power spectral density of the
mean signal (dotted curve). Below, analytical noise power spec-
tral densities for the input (dashed curve) and output (continu-
ous curve) trains.

(dotted curves). There are six zeros in the offset range
from —6 to 6 GHz, three on each side, and each in an in-
cremental offset of 2 GHz. As dispersion is positive, posi-
tive chirp lowers the offset, whereas negative chirp raises
it. Notice also that the zeros of the modulation tend to
the roots of the tangent for high values of @, as antici-
pated from the structure of Eq. (16). In Figs. 1 and 2 the
value of parameter @ is 1.59. The corresponding zeros
and their offset values are marked by open squares in Fig.
3, in agreement with our simulation of Fig. 1.

In Fig. 4 we present, following the same conventions as
above, a 10-GHz train composed of Gaussian pulses, also
with width ¢, = 10 ps and 7 = 0.7 but now chirped with
C =1(Q = 2.25). The centers of the spectral windows
are redshifted owing to chirp. This asymmetry, together
with the modulation, result in a globally asymmetric

Fernandez-Pousa et al.

noise pattern. Moreover, after the fifth harmonic the
noise after the Talbot device is greater than noise before
the Talbot device in the left-hand offset region. To illus-
trate the noise sidebands of the fifth harmonic, we plot in
Fig. 5 the left and right noise skirts up to offsets of *5
GHz, where the asymmetry of the output noise is appar-
ent. With a dashed curve we present the jitter’s power
spectral density ®(w) [Eq. (18)]. The output-noise ap-
proximation [formula (7)], is represented by a continuous
curve. We subtracted from this last spectrum the input
noise envelope 7t,%w® exp(—w’t,%2), such that the repre-
sented  function coincides with the  product
D(0)G,-5(0)M,_5(w). Dots for the input and crosses
for the output are superimposed upon the numerical data
taken from Fig. 4. We have avoided the use of points
with offsets below 100 MHz because they overlap the
peaks that represent the harmonics. The zeros of the
output noise as well as their numerical values were de-
picted previously by circles in Fig. 3.

Finally, in Figs. 6 and 7 we present a new example of a
power spectrum that corresponds to the replica of a 10-
GHz train in the second integer Talbot dispersive device,
v = 2, composed of unchirped pulses C = 0 of width ¢,
= 10ps, such that @ = 3.18. Timing jitter is added,
with » = 0.5. In Fig. 6 we show the overall form of the
spectrum, which presents new spectral windows between
consecutive harmonics. Notice the elevation above the
broadband noise envelope of the first spectral window at 5
GHz that is due to the modulation. Figure 7 corresponds
to a double logarithmic plot of the noise skirts around the
fifth harmonic (tenth spectral window). We plotted the
analytical continuous curve by taking into account only
the tenth window. Therefore, at the left and right sides
of this plot, below —2.5 GHz and above 2.5 GHz, the nu-
merical data of the output noise correspond to portions of
the ninth and eleventh spectral windows, which are cen-
tered at 45 and 55 GHz, respectively. Using Eq. (16), we
computed the zeros of the modulation of the central win-
dow; the values of the offsets are 2204, 1286, 418, —417,
—1278, and —2191 MHz, in agreement with the locations
in Fig. 7.
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merical data extracted from Fig. 4 superimposed: dots, input
noise; crosses, output noise.
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4. JITTER SMOOTHING

The integration of the RF noise skirts in a symmetric do-
main of bandwidth w; about the Ath harmonic is one of
the standard operational tools used to obtain experimen-
tally the rms value of the timing jitter of a train from
noise analysis of the intensity before it passes through a
dispersive line.!? The procedure that permits a simple
determination of jitter is to approximate the broadband
noise envelope in formula (12) by its value in the har-
monic and to integrate along a passband of width o,
about the harmonic. This renders the total integrated
noise proportional both to squared harmonic index 22 and
to standard deviation 0j2 of the rms jitter:
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(h+1/2)wy
f doS ™ (w)
(h=1/2)wp

(h+1/2)w;
do®(w)

IR

toilwf2h2|F(h(1)f)|2J>

(h*l/Z)wf
= to_lwf3h2|F(ha)f)|2a'j2. (19)

Then, from a comparative measurement of different inte-
grated RF noise sidebands, the value of rms jitter is ex-
perimentally determined.

As we illustrated in Section 3, the RF noise skirts after
a Talbot dispersive line change as a result of to the pres-
ence of the spectral windows and the modulation func-
tions. Thus total noise, measured as the result of inte-
gration of the noise skirt spectrum along a passband
around the harmonics, can get smoothed. Notice that,
because of the structure of the noise skirts after the Tal-
bot dispersive line, the output noise cannot be ascribed to
the timing jitter of the output train. The interpretation
of output noise as a specific combination of both ampli-
tude and timing jitters in the pulses of the output train
will not be addressed in this paper.

The integrated noise along bandwidth w; about the 2th
harmonic after the Talbot dispersive line is expressed as

(h+1/2)wf
f dwS M (w)
(h=1/2)wp

= toilwahZJ(h wf)

(h+1/2)wy
X f do®(w)G,—p(0)M,_p,(0). (20)
(h=1/2)w;
In formula (20) we have also approximated the broadband
envelope by its value in the harmonic and have retained
in the sum only the spectral window that corresponds to
the harmonic, n = hy. According to the examples pre-
sented in Section 4, this is a good approximation when the
dispersive line in adjusted to the first integer Talbot im-
age, ¥ = 1, because no new spectral windows between
harmonics appear in the spectrum. The extension of the
integration to a bigger number of windows is nevertheless
straightforward.
Then the ratio p'’ of the integrated RF noise power af-
ter dispersion [formula (20)] to that before dispersion [for-
mula (19)] is expressed, from formulas (7)—-(12), as

p<h) = explnzcz/(2Q2)JLn:h}/( 7, Q, C)7 (21)

where the first term accounts for the different noise enve-
lopes and

2
Ly, Q, C) = f 1/2dx<1’(x)Gn:hy(X)Mn:hy(X)-
(22)

In Eq. (22) we perform the integration by again using the
variable w(x) = wdh + x) and with the notation D (x)
= <I>[w(x)]/(rj2, Ghopyx) = Guop)ox)], and M, _; (x)
= M, [o@)].

From the structure of formula (21) the following conse-
quences are derived: First, the ratio in formula (21) de-
pends on correlation, not on the precise value of oj2. Sec-
ond, if pulses are unchirped, noise is essentially
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symmetric about the harmonic, and the resultant ratio is
always less than unity because of the presence of the
spectral window. The reduction increases as the width of
the window narrows, so smoothing increases with @ and
also as 7 — 0, because the input noise is white in a bigger
band. Finally, when the pulses are chirped the value of
the ratio is raised through the exponential factor in for-
mula (21) that accounts for the different noise envelopes.
This increase becomes bigger at high harmonics.

In Fig. 8 we plot the ratio p® of the fifth harmonic (A
= 5) of the first integer Talbot dispersive device (y = 1)
to correlation parameter 7 and for three values of @. The
values of the ratio [formula (21)] were obtained by nu-
merical integration of Eq. (22). First, notice that, owing
to the quadratic dependence of the integrated noise power
[formula (19)] on the jitter’s standard deviation o}, a re-
duction of 10 dB in the ratio p'» amounts to a reduction of
o; by a factor of 3, whereas a 6-dB decay is associated
with a reduction of o; by a factor of 2. In Fig. 8(a) the
ratio is computed for an initial train composed of un-
chirped pulses, whereas in Fig. 8(b) the pulses are
slighted chirped (C = 0.5). As the correlation param-
eter controls the white-noise bandwidth of the RF noise
skirts of the harmonic, this is one of the most determinant
parameters of the smoothing; see Fig. 8(a). For high val-
ues of 7, noise is correlated, the noise skirts are narrow,
and consequently the noise reduction induced by the pres-
ence of the spectral windows is small. However, when
the correlation is low, the presence of the windows in-
duces a significant decrease in the RF noise skirts, which
increases with parameter @. Chirp is the most deleteri-
ous factor for this smoothing. From Figs. 4 and 5, when
pulses are chirped the noise skirts are asymmetric and
the peak values are raised above the initial noise level,
leading to the increase in the ratio in formula (21) illus-
trated in Fig. 8(b). However, even in the presence of
chirp, the combined effect of high @ and low correlation
can lead to a significant decrease in the ratio p™.

To visualize its dependence on the @ factor, and also its
small variations within harmonic index A, in Fig. 9 we
represent again the ratio for the first integer Talbot rep-

Ratio p™=> (dB)

(b) C=0.5

[} 01 0.2 03 0.4 0.5 06 0.7 0.8 0.9 1
Correlation parameter n

Fig. 8. Ratio p® for the fifth harmonic 2 = 5 (fifth spectral
window, n = 5) and for the first integer Talbot replica y = 1 as a
function of correlation parameter 7 for three values of dispersion
parameter @: continuous curves, @ = 2; dashed curves, @
= 5; dotted curves @ = 7.
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lica, y = 1, for jittery trains with correlation parameter
n = 0.7 as a function of @ for different harmonics 2 and
for the same two values of chirp, C = 0 and C = 0.5.
Both the decrease in the ratio p'* with @ and its small
dependence on the harmonic are observed. Again, small
chirps in Fig. 9(b) spoil the noise reduction. This effect is
more pronounced for high harmonics, because the window
shift and the subsequent increase in the noise peak value
are proportional to the harmonic frequency. But notice
that this increase in ratio p* for chirped pulses can be
compensated for by means of an increase in Q.

In Figs. 10 and 11 we represent the ratio p*’ in the sec-
ond Talbot device, y = 2. The presence of new spectral
windows between harmonics has been taken into account
in the numeral evaluation of integral equation (22). In
Fig. 10 we plot ratio p'® for the fifth output harmonic, A
= 5, with respect to the correlation parameter for differ-
ent values of C and Q. When C = 0, the curves in Fig.
10(a) are similar to those in Fig. 8(a), proving that the ra-
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tio depends basically on the value of @ through the width
of the spectral window located in the harmonic. The
presence of new windows adds a subsidiary contribution
to ratio p"). Therefore the increase in Talbot order pro-
duces an increase in the reduction of smoothing. How-
ever, when the chirp is nonzero, the subsequent change in
the window position always increases the value of the ra-
tio. In Fig. 10(b) the ratio becomes bigger than unity for
low values of @, but, again, increasing the value of @ com-
pensates for the increase in the ratio.

Finally, in Fig. 11 we depict the evolution of ratio p*’
for the second integer Talbot replica, y = 2, for jittery
trains with correlation parameter » = 0.7, as a function
of @ for three harmonics 2. In Fig. 11(a), unchirped
pulses are considered. These curves are similar to those
of Fig. 9(a) except for the first harmonic, 2 = 1, whose
values of the reduction are worse because of the presence
of the new window at 5 GHz; Fig. 6. In Fig. 11(b) we con-
sider chirped C = 0.5 pulses. Again, ratio p'™ increases
owing to a shift in the window maximum and can be com-
pensated for by use of high values of @.

5. CONCLUSIONS AND DISCUSSION

In this paper we have presented a theoretical study of the
RF spectral noise content of the intensity of a coherent jit-
tery train of pulses after an integer Talbot dispersive line.
We derived the power spectral density of the intensity in
the small-signal approximation, assuming a general form
of the timing jitter correlation between pulses and the co-
herence of the underlying pulse carrier. The spectrum
has been exemplified through simulations. The basic
feature of the resultant spectrum is the presence of a
broadband noise-filtering mechanism by multiple inter-
ference at the scales of a fraction of the train’s repetition
rate, which provides a reduction of the integrated noise
power around the harmonics as measured in the RF re-
gime. The influence of chirp and optical linewidth of the
individual pulses in the train was also analyzed.
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Fig. 11. Ratio p» for the second integer Talbot replica y = 2
and for jittery trains with correlation parameter » = 0.7 as a
function of dispersion parameter @ for three harmonics 4: con-
tinuous curves, o = 1; dashed curves, A = 5; dotted curves, A
=T
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We have used the results derived to explore the noise
reduction of different coherent Talbot-imagined trains un-
der different propagation conditions. The smoothing of
jitter noise by Talbot interference depends basically on
the chirp of the pulses of the train, on the correlation be-
tween adjacent pulses in the train, and on the accumu-
lated dispersion of the line but not on the absolute value
of the timing jitter’s standard deviation. Chirp has been
shown to be the most deleterious factor because it induces
a shift of the peak noise level with respect to the position
of the harmonic that causes an increase in the total noise
power. However, careful design of the dispersive line can
easily compensate for it'%2? and compress the pulses si-
multaneously.

As correlation controls the jitter noise bandwidth be-
fore the jitter noise enters the dispersive line and because
jitter smoothing is more pronounced at scales of the order
of the repetition rate (typically less than 1 GHz for the 10-
GHz trains), the initial noise must be broadband to pro-
duce significant jitter reduction. This fact limits the pos-
sible application of this procedure to trains composed of
slightly correlated pulses. Ultimately, this application
depends on the mechanisms that produce the trains. For
instance, the use of a Talbot dispersive line cannot be suc-
cessfully applied in fundamentally mode-locked lasers
that have noise offsets up to 100 MHz; see, e.g., Ref. 14.
In this case the active locking in the cavity of the laser
produces highly correlated timing jitter. However, even
in these cases the Talbot replica of a mode-locked laser
output can in principle help to reduce other types of non-
narrowband noise, such as the supermode noise? in har-
monically mode locked lasers, for which both phase noise
and timing jitter are uncorrelated between adjacent
pulses.'41°

The noise reduction depends on the accumulated dis-
persion of the line through the order of the Talbot replica.
Basically, high Talbot orders imply the appearance of new
noise windows between harmonics and the narrowing of
the spectral window widths, which provides the band-
width of the smoothed spectrum about the harmonics.
Except for the first harmonic, the presence of new win-
dows is a subsidiary effect when one is computing the de-
crease in noise ratio p"*). The narrowing of the spectral
windows is controlled by dispersion parameter @, which
accounts for the width of the dispersed pulses relative to
the repetition rate of the train. High @ values imply that
the resultant pulses in a Talbot replica are formed from
contributions of a high number of dispersed pulses, thus
providing a coherently averaged output. The same
smoothing mechanism has been found in the time
domain.1?

Finally, let us comment on the practical restrictions on
the use of Talbot filters to treat jittery trains as described
in this paper. The first limitation is the necessity for us-
ing linear filters with an exact or an approximately qua-
dratic spectral phase over a sufficient bandwidth to cope
with the optical bandwidth of the incoming train. This in
practice imposes a limit on the temporal width of the
pulses of the train. The second limitation is the accuracy
of the total dispersion of the filter. As was noted in Sec-
tion 2, a small deviation of dispersion causes temporal
compression or broadening of the output pulses. Disper-
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sion deviation is more deleterious in fractional Talbot fil-
ters because additional pulse broadening can cause inter-
ference between consecutive pulses; see Ref. 24 for a
discussion. The integer Talbot filters analyzed here
should show more tolerance to average dispersion devia-
tions.

The third limitation is due to corrections in the spectral
phase profile of the dispersive line. When prisms pairs,
gratings pairs, or fibers (standard, dispersion-
compensating, or dispersion-shifted) are used, the spec-
tral phases suffers from (smooth) higher-order deviations
of the quadratic behavior. If these higher-order correc-
tions are negligible over the entire optical bandwidth of
the train, the results presented here will still be appli-
cable. In the case of dispersive lines based on fibers, de-
viations are more pronounced for long fiber lengths.?® If
deviations are not negligible, higher-order dispersion pro-
duces temporal ripplelike distortion in the expected
output Gaussian pulse profile.?® This distortion is mani-
fested in the RF spectrum as deviations in the harmonics
of higher order.

Another method of producing dispersive filters is the
use of fiber Bragg gratings or other microstructured de-
vices. In these filters a dispersion ripple is the main de-
viation of the spectral quadratic behavior. Dispersion
ripples cause satellite pulses in the output,?” which when
they interfere with the other coherent pulses of the train
cause amplitude noise. Noninterfering satellite pulses,
associated with high ripple frequencies, reflect again in
the high-frequency portion of the RF spectrum. Ripple
frequencies of the order of the repetition rate’s frequency
cause the amplitude noise of the output.

Notice finally that a jittery train [Eq. (3)] contains in
principle all the optical frequencies, not merely the har-
monics associated with an exact nonjittery train. The
smoothing mechanism presented here is the result of the
damping of nonharmonic frequencies as the result of de-
structive interference after dispersion. If the filter is de-
signed to reproduce the quadratic spectral phases at the
harmonics of the exact train and to add other types of
spectral phases to the remaining frequencies,'® a similar
smoothing mechanism could take place. However, the
spectral RF patterns presented here would not be appli-
cable, because in deriving them we assumed a global qua-
dratic behavior.

APPENDIX A: COMPUTATION OF THE
INTENSITY SPECTRUM

The computation of Eq. (6) was performed in Fourier
space. The correlator is expressed as

dw1 dw2

() t')) = J J ——eXP[—L(wlt — wyt')]
X<j§(w1)j§(w2)*>a (A1)

where the Fourier intensity is the autocorrelation of the
Fourier optical envelope:
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~p>
e
—~
S
—
Il

f dt exp(iwt ) 4(t)

do’ .
2—E§((u + w )E (w')*. (A2)

Let us suppose that the Fourier correlator in Eq. (A1) has
the following form:

o)l w9)*) = T o)) (09)*) + 27K (01, o)
X > 8(wy — wy — 2mslty). (A3)

Then, using Eqgs. (6) and (Al), we can straightforwardly
show that the noise spectral density is the diagonal part
of regular function K: S,;¥(w) = K(w, ). Thus the
problem of computing S 5( (w) reduces to computation of
the Fourier-domain correlator and the mean Fourier in-
tensity. Using Eqgs. (3) and (A2) yields the photocurrent
by Gaussian integration. Introducing the notation
wm(®) = (wp + imty)/(272) results in

T(0) = t,\Nmexp(—pw?2) >, expliokty + 72, ;>
pk

+ i,bbp,k*(lk + ilu'pfkap)
X exp[ —(a, — ap)*/(47%)]. (A4)
Now we substitute Eq. (A4) into Eq. (A3) and expand
the exponentials in Eq. (A4) to second order in jitter vari-
ables a,,, performing the expectation values according to

our assumptions after Eq. (2). The result is proportional
to the correlation of timing jitter variables:

<j§(a’1)ig*(a’2)> = (jg(w1)><i§*(w2)> + wt,? exp(—pw*/2

— p* w22/2>§ expli(w; — wy)kto]

X >, expliwyqto]

rsq
X exp[7%(p,” + pg*?)]

X [ms*uR(q —s +r)

+ wru*R(q — s) + peu"R(q)

+ pmeuR(q + 1), (A5)

where u, is evaluated at w; and u, at wy. From Eq. (A5)
the diagonal part of function K can be directly read. To
simplify its expression, a second approximation is neces-
sary.  Notice that in Eq. (A5) |exp[r?uX(w)]|
= exp(0?744)G,(w)"?, where the functions G (w) are de-
fined in Eq. (10). Because these functions are narrow-
band, the second approximation is to neglect their spec-
tral overlapping. Then exp| 72,2 + u*?)|
= exp(w?7%2)G,(w)65,;, and substitution into Eq. (A5)
yields

t6S: V(@) = J(0) D, G,(0)>, expliogto)2|m,|2R(q)
n q

+ 1,*2R(q — n) + w,2R(q + n)], (A6)
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where all the u variables are now evaluated at w. Fi-
nally, reordering the sums over g and using the definition
of u, and also definitions (9) and (11) yield formula (7).
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