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A study of the stochastic description of the Talbot effect in the temporal domain under random timing jitter is

presented. The relevant statistical quantity is the variance.
fected by random timing jitter, shows peaks in the edges of the pulses.

The variance of a train of pulses, each one af-
When this train is Talbot-imaged, the

variance becomes flattened along the unit interval corresponding to each pulse as a result of the dispersion of

the individual pulses of the train. Fractional Talbot devices are also analyzed.

In particular, it is shown that

this smoothing effect also occurs in Talbot devices leading to N X repetition rates of the original train.
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1. INTRODUCTION

The Talbot effect is widely known as a coherent phenom-
enon in the paraxial diffraction region after a grating.!?
Basically, it consists in the repetition of the periodic struc-
ture of the grating in specific locations along the optical
axis, as a result of the coherent interference of the diffrac-
tion orders of the grating. In this sense, it is a collective
phenomenon, since the resulting pattern is a consequence
of the whole periodic structure of the grating. This spa-
tial effect has been demonstrated and applied not only in
free space, but in inhomogeneous media® and in
waveguides,* where the modes of the waveguide play the
same role as the diffraction orders of the grating.

It has been noted®™” that the same phenomenon is eas-
ily produced in the temporal domain by use of a highly
dispersive medium. This observation is a consequence of
the well-known analogy® between the mathematics de-
scribing one-dimensional paraxial diffraction and pulse
propagation in a linear, dispersive guiding medium with
negligible attenuation. In this analogy, the pulse enve-
lope is equivalent to the complex amplitude distribution
of light in diffractive optics, dispersion is equivalent to
diffraction, and the periodicity of the train of pulses is
equivalent to the periodicity of the grating. In Ref. 6 it
was shown that simple devices, such as a linearly chirped
fiber grating (LCFG) or a high dispersion fiber, are suit-
able for constructing a Talbot device in the temporal do-
main. The group-velocity dispersion coefficient of the de-
vice is adjusted to produce a certain Talbot image of an
incoming pulse train with a given period in exactly the
same way that Talbot images are visualized by placing a
screen after the grating in the appropriate positions.

One of the applications of the temporal Talbot effect is
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to produce pulse trains of high frequency.®” Temporal
Talbot devices of this type that use a linearly chirped fiber
grating have been demonstrated in Ref. 7 that achieve
repetition rates of 16X of a train of pulses of 2.5 GHz to
get a total rate of 40 GHz. It has also been proposed to
use the temporal Talbot effect to measure dispersion pa-
rameters in fibers and other optic devices,? and demon-
strations of a fiber laser that uses this effect have been
reported.!’

In this paper we report on a basic characteristic of the
Talbot effect, which is the stochastic variations of the cen-
tral locations of the basic period. It seems natural that a
collective effect would show some kind of stability under
small variations of the parameters that define it. In this
regard, the study presented here is suitable both for dif-
fractive optics and for temporal optics. Here we will use
the second point of view. In diffractive optics, stability of
the Talbot effect under a set of deterministic variations®
such as localized modifications of the basic period has
been studied. The degradation of the effect due to the fi-
nite width of the grating and to the walk-off of the diffrac-
tion orders from the optical axis is also known. This
walk-off effect progressively reduces the paraxial region
where the Talbot effect takes place. In the temporal do-
main the study of the degradation by the finite width of
the pulse trains has recently been addressed,™ as has the
stability of the Talbot effect under amplitude and phase
unbalance between pulses. But to the best of our knowl-
edge, no studies on stochastic variations have been re-
ported, either in the spatial or the temporal domain.

Here we study the Talbot effect in the temporal domain
under stochastic variations of the position of the pulses in
a train. In temporal language, this amounts to random
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timing jitter. Our result can be stated as follows: As a
result of random jitter, pulses suffer large variations in
certain positions of the unit interval assigned to each
pulse. To be precise, the edges of the pulses have a larger
variance than the peaks and valleys. After Talbot imag-
ing, the variance is flattened along the unit interval.
Thus, random jitter in the temporal domain is smoothed
along each period. This phenomenon is different from
other approaches describing the reduction of timing jitter
in pulse trains, where jitter is decreased individually for
each pulse (see, for instance, Ref. 12 and references
therein), but shares with them the aim of exploring retim-
ing procedures at the purely optical level.

The plan of the paper is the following. In Section 2 we
state the problem in stochastic language. This will allow
us to introduce the notation, which closely follows that of
Ref. 13. The basic features of the Talbot effect are also
briefly revisited. In Section 3 we present the computa-
tion of the variance of the pulse envelopes for arbitrary
dispersion. Two limiting cases corresponding to input
and output train variances after a pass through a Talbot
device are analyzed. For both, approximate formulas are
given. In Section 4 we present numerical simulations of
the second Talbot plane that reproduces the original train
of pulses. In Section 5 we analyze a fractional Talbot
plane corresponding to a 4X repetition rate. In particu-
lar, we show that the flattening of the variance is general
for fractional Talbot devices leading to N X repetition
rates. Finally, we present our conclusions in Section 6.

2. STOCHASTIC DESCRIPTION OF THE
TALBOT EFFECT

Let us consider pulse propagation in linear dispersive me-
dia carried by quasi-monochromatic waves with central
frequency w,. The basic equation governing the propa-
gation of the complex pulse envelope x(z, ¢) in a disper-
sive medium along a distance z with negligible attenua-

tion is*
ox By x
—_—= ==, (D
dz 2 92

where B(w) = By + (0 — 0y)B1 + (0 — wg)2By/2 + -

is the expansion of the dispersion relation about the car-
rier frequency, and ¢ is the time measured in the proper
reference frame of the pulse, ¢t = ¢,,, — 812, with ¢, be-
ing the physical time. B3 and other higher-order disper-
sion terms will not be taken into account. Then Eq. (1) is
formally equivalent to the equation describing paraxial
diffraction in one dimension, and the corresponding anal-
ogy is the basis for space—time duality between one-
dimensional paraxial diffraction and pulse propagation in
dispersive media.

The impulse response or propagation kernel of the lin-
ear system of Eq. (1) is simply the one-dimensional
Fresnel diffraction kernel. For a dispersive medium of
length L, this kernel is

he(t —t') = (—2mi&) Yexp[—i(t — t')%/2¢], (2)

where ¢ = ByL. General dispersive media with first-
order dispersion, such as linearly chirped fiber gratings,
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are characterized by the global parameter ¢ with dimen-
sion T2, which represents the total dispersion of the de-
vice. In general, dispersive devices have a constant
second-order parameter ¢ only along a certain passband
around the carrier frequency. In our analysis we will as-
sume that the total bandwidth of the train of pulses lies
inside this passband, so that £ can be assumed constant
for all frequencies.

A train of pulses x,(¢) will be considered as the input
field in a dispersive device described by Eq. (2):

+o0

xo(t) = kZ folt = kto — ap). (3)

The function £, is the pulse form, which for simplicity will
be considered as Gaussian with rms width equal to ¢, and
normalized in amplitude to unity,

fot) = (2mt,%) V2 exp(—t2/2t,?). (4)

Note that with this choice, the dimensions of the input
field xy(¢) are the inverse of time. The center of this
train of pulses occurs at ¢, = k¢t + a,. The set of vari-
ables a, (k = —x,...,+%) is an infinite collection of ran-
dom numbers with dimensions of time representing the
timing jitter of each pulse. If the random numbers are
set to zero, the train of pulses has a period of t,. We will
assume that the pulse widths are smaller than this exact
period, £, < £, so that no overlapping between pulses oc-
curs in the input train. We will consider that the random
variables a;, are mutually independent, and its probabil-
ity density function is Gaussian with zero mean and stan-
dard deviation ¢;:

play) = (2mt?) 2 exp(—a,?/2t?). (5)

We will also assume that the jitter parameter ¢; is smaller
than the pulse width, ¢; < ¢,. The average over all the
realizations of each one of jitter parameters a; will be de-
noted with brackets, (--©). Then, independence of timing
variations implies that (g(az)h(a,)) = (gla,))(h(a,))
when £ # p for any functions g and h.

The input field of Eq. (3) is transformed by the linear
system of Eq. (2) into an output field x,(¢) characterized
by the dispersion parameter &

xglt) = J: he(t — t')xo(t)de". (6)

Analogously, the output can be expressed as the coherent
interference of a train of dispersed pulses:

xet) = 3 fdt =~ kto —ap)

+oo
40
> het — t)fo(t' — kto — ap)dt’, (7)

b= J -

from which, by using Eqgs. (2) and (4), the dispersed pulse

is

[t = kto — ap) = (2mp) " expl (¢ — kto — a;)*/2p],
(8)

with p = tp2 — ié.
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Averaged fields can be computed in the time domain as
follows. The mean envelope is a sum of averaged indi-
vidual pulses, or the result of the propagation through the
linear system of the initial averaged field:

+x

(w6 = 2 (fult = kto = a)

A simple computation of the averaged dispersed field
yields

J dapp(ap)fet — kty — ay)

(fet — kty — ap))

(27p) V2 exp[—(¢ — kt)*/2p],
(10)

where we have introduced the notation p = tp2 + tjz
— ¢, On the other hand, the initial averaged field is re-
covered by setting £ = 0 in the value of p in Egs. (9) and
(10). The result is a periodic train of pulses with en-
larged rms width 7% = ¢, + ¢;%,

(xo(8)) = kZ folt — kto), 11)
where
fo(t) = (27t2) V2 exp(—t2/2E?). (12)

Thus, the averaged input field is affected by random jitter
only as a temporal spreading of the initial pulses. The
computation and interpretation of the output field is simi-
lar to a deterministic signal, and the details of the com-
putation of Eq. (9) that result in the Talbot effect are
widely known.>1® Here we will simply quote the re-
sults.

The Talbot effect arises when the dispersion parameter
is a fraction of a basic scale:

to® ¥

¢ 27 « (13)
where y and « are positive and coprime integers. When
a is one, the Talbot effect is called integer, and the output
is a replica of the original train of pulses for y even and a
replica of the original train, shifted by half a period, for y
odd. There is a simple proof of these facts in the Fourier
domain. The transfer function of the linear system of Eq.
(2)is H{w) = exp(iéw?/2). On the other hand, for an ex-
act periodic train of period ¢, the spectral content of the
input field consists of a set of delta functions at o
= 2wk/ty, with k integer. The transfer function for
these frequencies reduces to HJ(2wk/t;) = exp(imyk?)
= (—1)™. Then, the Talbot effect maintains the spectral
components for yeven and adds a relative phase shift of 7
for y odd. This phase shift is equivalent to a temporal
shift of half a period in the time domain.

In diffractive optics, time harmonics correspond to dif-
fraction orders. Therefore, the integer Talbot effect can
be viewed as a coherent superposition of diffraction orders
with in-phase or out-of-phase coincidence. The Talbot ef-
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fect can also be interpreted as the result of the coherent
interference of a periodic pattern of diffracted beams,
each corresponding to the unit cell of the grating. In the
temporal domain, this is equivalent to considering the in-
terference of the basic pulses in the original train, highly
dispersed after the Talbot device. In this paper we will
mainly follow this second point of view.

When «a in Eq. (13) differs from unity, the effect is called
fractional Talbot or sub-Talbot. The output field in this
case has a richer structure. It is again a periodic train of
pulses with period ¢, shifted for odd y. But the unit in-
terval is composed of the coherent sum of « replicas of the
original pulse shifted mutually by ¢,/«, with power re-
duced by 1/a, and with definite phase differences between
them. In diffractive optics, these « replicas constitute
the unit cell of the Talbot-imaged grating. Repetition
rates of the original train of pulses with rate NX can be
obtained from y/a = 1/N if the initial pulses are small
enough to avoid superposition of neighboring pulses in
each unit interval or unit cell. Finally, note the high dis-
persion scale of the transforming devices as given by Eq.
(13). For instance, for a 10-GHz repetition rate, the first
integer Talbot system requires a dispersion of ¢
= 1592 ps?/rad. For N X repetition rates, the Talbot
effect requires smaller dispersion, but always in the
range of 103 ps?/rad for trains in the GHz range.

3. COMPUTATION OF THE VARIANCE

We are interested in the statistical variations of a con-
crete realization of a train of pulses affected by timing
random jitter, rather than in mean values. To character-
ize them, it is necessary to calculate the corresponding
variance. This quantity is defined as the averaged
squared deviation of the field with respect to the mean for
each temporal instant:

Vi(t) = (lxelt) — (x2))[?)
= (xe(t)xg(t)*) — (xe(t))(x(8)*), (14)

and it has the usual interpretation as a measure of the
variation of the output field at each sampling instant.
Expressed as a coherent sum of dispersed pulses, Eq. (7),
the variance is

+oo
Vit) = 2 (flt = kto — apfilt — mto — a,)*)
+oo 2
= | 2 (fde = Rto = ap)) - (15)

By using the independence of the variables a,, this ex-
pression can be easily cast as a sum over dispersed
pulses:

+o0

Vit) = 2 [(Iflt — hto — apl?)

— [(fet — kto — ap)|?], (16)

where the first part of the sum corresponds to the aver-
aged square of each dispersed pulse and the second to the
square of the average. It is a simple task to compute
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both contributions. The result is the difference of two
trains of Gaussian functions:

1 § 1 (t — mty)?
tyNdmm=—= 5(E)V2m 27,28
1 § 1 [ (t - Sto)z}
- - exp )
tNdms=—= po(E)\V2m 2752(&)
an
where we have introduced the following notations:
& + 1,%?2 2+t
mAe) = ———, = ———, 8
2t, 2t

and 2 =72+t = ¢, + 2t>. Then the width #,(£€)
represents the rms widths of the averaged squared dis-
persed pulses, and 7,(¢) denotes the rms width of the
square of the average dispersed pulse. Therefore, vari-
ance is composed of two contributions coming from indi-
vidual dispersed pulses, which will be called of {|f]?) and
[{£)|? type, respectively. Since V(¢) is a periodic series,
it can also be expanded in a Fourier series of the form

+oo

Vit) = D gnexp(2mimtlty)

m=—w

=go + 2g. cos(2mtlty) + -+ (19)

with g,, = g_,, and

exp[ —2m*m?7,%(£)/ty?]

1
gp = ——
t()tp \Y 4
1

tof A

Both forms of the variance, Eqgs. (17) and (19), will be
used in what follows. From Eq. (19) it is worth noting
that

exp[ —27m2m2 9,2 (€)/to2]. (20)

1 [t 1 1 1
- Vdt)dt = gg = —— =/, (@D
¢ tO 4

to J -ty t, t

that is, the mean value is constant and there is no depen-
dence on the specific value of the dispersion parameter &.

The variance of the input field Vy(¢) can be recovered
by setting £ = 0 in Eq. (17) through the corresponding
values of the widths, Eq. (18). Since the jitter parameter
is small compared with the width of the original pulses,
t; <t,, both widths become of the order of the original
pulses, 7,(0), 7,(0) ~ t,,. Moreover, since the pulses do
not overlap, only two Gaussian functions contribute ap-
preciably to V(¢) in the sum Eq. (17) for each unit inter-
val. For instance, for the central period —¢,/2 <t
< to/2, the following approximation applies:
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Vo(t) = (|t — ag)l®) — f(t — ap)|?
1 1 t?
VB ltm(® exp( _M>
1 t2
in(®) exp( 27722(5)) } 2

On the other hand, the variance of the output envelope
cannot be approximated in this way: when ¢ is different
from zero, the dispersed widths [Eq. (18)] are larger than
to, and then the Gaussian functions in Eq. (17) overlap
between adjacent periods. Indeed, for a general Talbot
condition, Eq. (13), the first of these widths is

s TP (23)
& 8?2 tp2 a? 2

The first term in this sum dominates over the second by
virtue of the ratio ¢,%/¢,%. This width is, in general, of
the order of the period of the pulses, 7,(¢) ~ t,, at least
for y/a = 1. The same argument applies for 7,2(&), re-
sulting also in 75(&) =~ t,. In order to obtain a simpler
expression for the variance V(¢) after the dispersive de-
vice, it is necessary to return to the Fourier expansion
(19), whose coefficients are given in Eq. (20). Now, since
m(&), no(é) ~ ty, all harmonics in this expansion are
damped. The leading-order approximation is just the DC
term:

Vi(t) = go. (24)

This, together with Eq. (21), means that the output vari-
ance equals the mean value along the unit interval, and it
is insensitive to &

In Fig. 1 we present the central pulse contributions
(If1%) and |[(f)|? to input and output variances in an ex-
ample. The parameters are the same as those in Section
5 below. The period has been chosen as ¢, = 1 in suit-
able units; then, the central unit interval is —0.5 <¢
< 0.5. Moreover, vy/a = 1/4, ¢, = 0.050, and ¢;

J
= 0.020. We have chosen a rather large jitter coefficient

[L -}
[=2=3

e
[=)

Input contributions
8 8

o

=)
T

L L L L L I L L
-008 -006 -0.04 -0.02 0 0.02 0.04 0.06 0.08 0.1

!
&

~N [5) »
T T

Output contributions

.5 0 05 1 —1.5 2
Normalized time
Fig. 1. Contributions of type (|f|2) (solid curve) and |{f)|?
(dashed curve) to the input (top graph) and output (bottom
graph) variances due to a single pulse.

-2 -1.5 -1 ~0.
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to emphasize the effect. Although a detailed analysis of
this example should wait until Section 5, we present the
result here to visualize the smoothing effect and discuss
its physical basis. In the upper part of the plot, the ini-
tial contributions are contained in a single unit interval,
so that they do not overlap with neighboring intervals.
Moreover, their difference is large, so the variance V(#)
can be approximated to its difference, neglecting contribu-
tions from other pulses, as in Eq. (22). In the lower part
we show these contributions after the dispersive device.
Both have been broadened by dispersion, they overlap
with other intervals, and their difference is smaller.
Therefore, all the pulses in the output train of Eq. (17)
must be added to give an approximation of the variance.
The leading term in the approximation is the DC term,
Eq. (24). Then, the dual behavior of the variance is a
consequence of the dispersion of the individual pulses
that smooth the difference between contributions (|f]2)
and [(£)|2. In conclusion, the output variance is approxi-
mately constant. This conclusion remains valid as long
as 71(&€), n9(&) =~ t, because of the truncation of the se-
ries of Eq. (19). However, for small-dispersion systems,
or equivalently, for values of the Talbot index y/a < 1,
the approximation may fail. This fact will be analyzed in
Section 5.

4. INTEGER TALBOT DEVICES

Here we will consider the second integer Talbot condition,
characterized by y/a = 2, as an example. The output
train of pulses is an exact replica of the original one if jit-
ter is absent. Our computations in the preceding para-
graphs assume an infinite sequence of incoming pulses.
To avoid the walk-off effect, a sufficiently long train of
pulses has been considered in the simulations, and statis-
tical analysis is carried out in the central region of the
output trains.

A sequence of 200 Gaussian pulses was generated.
The exact repetition period was normalized to unity, ¢,
= 1. The Gaussian functions describing the pulses had
a rms width of £, = 0.100, and random jitter was added
following a distribution with standard deviation of ¢;
= 0.015. Each of the unit intervals was sampled with
128 points. The results of the simulation are represented
in Figs. 2-5. In Fig. 2, the ten central unit intervals are
shown for the input train of pulses (above) and for the
output train (below). We observe the presence of signal
in the space between pulses, an unusual feature com-
pared with the exact Talbot effect. Moreover, differences
between the heights of pulses are also clear.

To show the smoothing effect, we superimposed ten
unit intervals from the central section of the pulse trains.
In Fig. 3 we show the result for the input train and in Fig.
4 for the output train. In the first case, the edges of the
pulses are displaced by random jitter. Assuming that
statistical averages can be inferred from temporal aver-
ages, this means that for instants of time in the edges of
the pulse, the variance of the process is high. In con-
trast, variations of the central peak and of the valleys be-
tween pulses are small, resulting in a small variance.
The plot of the superposition of output pulses in Fig. 4 is
different. Clearly, the edges present small variations,
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Amplitude

Amplitude
N (4] »

4 -3 -2 -1 0 1 2 3 4 5
Normalized time

Fig. 2. Ten central unit intervals of the input (top) and output

trains of pulses (bottom) in the integer Talbot device character-

ized by the index y/a = 2. The rms width of the input pulses is

¢, = 0.100 and the standard deviation of random timing jitter is

t; = 0.015.

45 T T T T T T

3.5

25

Amplitude

1 - 1 L 1
05 04 -03 02 01 0 0.1
Normalized time

0.2 0.3 0.4 05

Fig. 3. Superposition of ten input pulses in a unit interval in the
integer Talbot device characterized by the index y/a = 2. Pa-
rameters as in Fig. 2.

4.5 T T T T T T T T T

Amplitude

. L =
-05 04 03 -02 01 0 01 0.2 0.3 0.4 05
Normalized time

Fig. 4. Superposition of ten output pulses in a unit interval in

the integer Talbot device characterized by the index y/a = 2.
Parameters as in Fig. 2.
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Fig. 5. Input variance in two unit intervals obtained from Eq.
(22) (dashed curve) and through a numerical estimate over 100
sample trains (dots); output variance for y/a = 2 in two unit in-
tervals obtained from Eq. (24) (solid line) and through a numeri-
cal estimation (dots). Parameters as in Fig. 2.

but the corresponding variations in valleys and peaks are
increased. This behavior is in accordance with our obser-
vations concerning Fig. 2.

The time variations of the pulse envelopes are de-
scribed by the input and output variances Vy(¢) and
V(). To get a numerical estimate of these quantities, a
set of 100 processes, each containing 200 pulses with dif-
ferent individual jitter parameters but with the same
standard deviation ¢; = 0.015, was generated. Each of
these experiments is described by the same set of param-
eters as before. We focused on the two central unit inter-
vals, performing a point estimation of the variance for
each of the 128 samples per period. The results are show
in Fig. 5, where both the input and output variances are
shown. The double-peaked function corresponds to the
input train and the flat one to the output.

The functions V(¢) and V(¢) have been evaluated
from the exact expression of the variance as an infinite
sum of pulses, Eq. (17). We note the good agreement be-
tween the estimate and the analytical formulas. The in-
put and output approximations to the variance formula
are not shown in this figure since they are indistinguish-
able from the result of Eq. (17). In particular, we note
that the constant output variance given by Eq. (24) yields
a value V(¢) = 0.031, in accordance with the results of
this simulation. Note that we have evaluated the vari-
ance in Fig. 5 as an average over independent trains, not
as temporal averages over the periods of a single train.
This means that no ergodic assumptions have been made.
However, we have verified that estimates from averages
over periods yield results analogous to those in Fig. 5.

5. 1/N FRACTIONAL TALBOT DEVICES

In this section we will focus on the series of Talbot devices
characterized by indices y/a = 1/N. They are known to
provide a way to generate of trains of pulses with N X rep-
etition rates with respect to the original train. Our first
simulations deal with the Talbot dispersive device corre-
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sponding to y/a = 1/4. Again, a train of 200 Gaussian
pulses was generated, in this case with ¢, = 0.050 and
t; = 0.020, the remaining parameters as before. The
pulse width was reduced with respect to the value of Sec-
tion 4 to show the 4X repetition effect. In Fig. 6 we
present the superposition in the same unit interval of ten
sets of output unit intervals, each containing four slightly
overlapped pulses. The variance of the pulses was also
simulated with 100 trains of 200 pulses, and the esti-
mates in the two central unit intervals are shown in Fig.
7. Again, we observe the initial double peak and the
nearly flat output variance, with the same interpretation
as in Section 4. The constant value of the output vari-
ance approximation of Eq. (24) is, in this case, 0.403, in
accordance with the result of this simulation.

Although the constant value of the variance was a good
approximation in this example, it was noted before that it

45 T T T T T T T T T
4

3.5\

Amplitude

Normalized time

Fig. 6. Superposition of ten sequences of output pulses in a unit
interval in the fractional Talbot device characterized by the index
v/la = 1/4, leading to a 4X repetition rate. The rms width of the
input pulses is £, = 0.050 and the standard deviation of random
timing jitter is ¢; = 0.020.

2541!

Variance
Py
[

0.5

A H
‘. " L ‘1[ L el L . i
-1 08 -06 -04 02 0 0.2 0.4 0.6 0.8 1
Normalized time

Fig. 7. Input variance in two unit intervals obtained from Eq.
(22) (dashed curve) and through a numerical estimate over 100
sample trains (dots); output variance for y/a = 1/4 in two unit
intervals obtained from Eq. (24) (solid curve) and through a nu-
merical estimation (dots). Parameters as in Fig. 6.
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Amplitude

-0.5 -0.4 -0.3 -0.2 0.1 0 0. 02 0.3 04 0.5

1
Normalized time

Fig. 8. Superposition of ten sequences of output pulses in a unit
interval in the fractional Talbot device characterized by the index
yla = 1/2,leading to a 2X repetition rate. The rms width of the
input pulses is £, = 0.040 and the standard deviation of random
timing jitter is ¢; = 0.007.

may fail when the Talbot index y/« is sufficiently small.
Here we will show that, for experiments designed to cre-
ate high repetition rates, the output variance is still con-
stant to a good approximation. The important observa-
tion is the following: Repetition rates of a given train are
obtained if the individual pulses are narrow enough that
they do not to overlap after the device. It is a simple task
to quantify this observation for Gaussian pulses. We set
as a criterion that overlapping is negligible when the mid-
point between adjacent pulses has contributions in ampli-
tude from both pulses that are not larger than 1/10 of the
peak value. For Gaussian pulses this means that the
pulse width for this limiting condition is

1
- = —— (25)

to  2N\2In10

With this convention we can compute the damping coeffi-
cients 22 912(&)/ty? and 272 5y2(€)/ty? of the first har-
monic in expansion (19):

exp(—27%75%(6)/t,%)

tOZ\/;

exp(—272 9, 2(§)/ty?) B

toty\m

28+1 =
(26)

Here we will focus only on the second one, which in this
example is the smaller; see Fig. 1. Nevertheless, both
have in general the same order of magnitude. This
damping coefficient can be bounded for y/a = 1/N as fol-
lows:

2mn?(6) 1t tp? t;®
B S
to? 4N? ¢,% + to? to?
1 to? 1 ¢t,2
= 2 2 2 = 2 _2
4N?t,2 + ¢ 8N?%¢,
= In 10, 27)
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where we have used Eq. (13) and notations (18), and, in
the last inequality, that ¢; <¢,. Then, the value of
272 o2(€)/ty? decreases as 1/N?, but since the ratio tpltg
is also reduced by a factor N to avoid overlapping [see Eq.
(25)], this damping coefficient is constant for any N. The
value in Eq. (27) corresponds to a conservative damping
factor of exp[—27m7,2(&)ty?)] < 0.10. This results in a
maximum modulation of the constant variance of 20%.
The actual value of modulation is typically lower, espe-
cially if jitter is negligible. For the parameters presented
here, with ¢; and ¢, of the same order, the modulation is of
6%. Numerical results in Fig. 7 illustrate these values.
Thus, we conclude that when the sequence of pulses is
sufficiently narrow to avoid overlapping in the fractional
Talbot series, the contribution of higher-order harmonics
to expression (24) is to a good approximation negligible.
If overlapping is allowed such that the ratio ¢, /¢, is kept
constant, the constant approximation fails as ya de-
creases.

A new feature appearing in this last simulation is the
increase of pulse pedestal in fractional Talbot devices.
This fact is obscured in Fig. 6 because of the overlapping
between adjacent pulses. In Fig. 8 we present a new
simulation for the fractional device corresponding to v/«
= 1/2, with ¢, = 0.040 and ¢; = 0.007. The presence of
pedestal here is clear. To analyze this feature, let us con-
sider a general Talbot device characterized by an index
yla. The repetition-rate series correspond to the frac-
tional Talbot series y/a = 1/N. From Eq. (14) the power
of the mean detected train (x.(¢)x(¢)*) is composed of
the constant variance V«(t) = o plus the squared mean
train (xg(t))(x¢(¢)*), which vanishes between pulses. In
turn, the peak value of the output pulses in a general Tal-
bot device is damped®!? in amplitude by a factor of 1/a'?
with respect to the original train, Eq. (12). Then, for
Gaussian pulses the ratio between the peak amplitude of
the detected train (A, to the value between pulses
(op) is

Apeak ((1/2770[?2) + 0-52)1/2

¢ ¢

- 0'52\/27Ta - ﬁﬁ

where in the last approximation we have retained the
leading order in the ratio ¢;/¢, from Eq. (21). Therefore,
for a given amount of jitter the pedestal increases as v
= JN. Moreover, the ratio decreases when the input
pulses are wider. For the simulation in Fig. 8, this ratio
is 21.2, with A .,x = 7 and o, = 0.33.

0
—, (28)
to

¢

6. CONCLUSIONS

In this paper we have studied the influence of random jit-
ter in the Talbot effect. The analysis has been performed
in the temporal domain. We have shown that the vari-
ance of the train of pulses is flattened by use of dispersion
after passing a Talbot device. This is due to the disper-
sion of the individual pulses that form the train, as their
variance is spread on neighboring intervals. We have
also given approximate formulas for the input and output
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variances and discussed the validity of these approxima-
tions. For integer Talbot devices, the value of the vari-
ance is constant irrespective of the value of the disper-
sion. For fractional Talbot devices with y/a <1, a
modulation of the constant value of the variance may be
present, depending on the ratio between the pulse width
and the period of the original train. Nevertheless, for
Talbot devices leading to N X repetition rates, the vari-
ance still is, to a good approximation, constant. The
presence of pulse pedestal in these devices has also been
analyzed.
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