
Tapered gradient-index media and zone plates:

influence of off-axis illumination and finite dimension

on light propagation
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Figure 1: Geometry for the evaluation of the complex amplitude distribution in a hybrid optical
system, tapered GRIN medium/zone plate, illuminated by a cylindrical uniform wavefront.
Parameter d represents the distance from the point source to the zone plate.

1 Introduction

Recently, the authors have studied light propagation through a hybrid optical system formed
by a zone plate and a tapered gradient-index (GRIN) medium [1]. In this paper, theoretical
aspects of the light propagation were investigated assuming strictly hybrid systems of infinite
dimensions illuminated by coherent non-uniform and uniform beams. In particular, imaging and
transforming phenomena as well as an analogy with an apparent lens of multifocal distance were
derived and discussed. Such a theoretical description is sufficient for many studies. However, it
is important to realize the effects arising as a result of the departure from the theoretical model.
In this way, the aim of this paper is to study the influence of the lateral displacement of the
source and of the finite transverse dimension of the hybrid system as a logical continuation of the
previous work. This optical system could have possible applications in imaging and transforming
of periodic objects, integrated optics for transverse couplers [2, 3, 4], etc.

The study will be restricted to the one-dimensional transverse case, but extension to the
two-dimensional case is straightforward.

The plan of the paper is as follows. In section 2 we obtain the irradiance in an infinite hybrid
system tapered GRIN medium/zone plate. In sections 3 and 4 the effects on the irradiance
distribution which arise as a result of off-axis illumination and of the finite dimension of the
hybrid system are studied and analysed. Conclusions are presented in section 5.
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2 Irradiance distribution in a tapered GRIN medium for an
infinite zone plate and uniform illumination

Let us consider a tapered GRIN planar medium characterized by a transverse parabolic refractive
index modulated by an axial taper function and whose refractive index profile is given by

n2 (x, z) = n20
£
1− g2(z)x2¤ , (1)

where n0 is the index at the z optical axis and g(z) the taper function that describes the evolution
of the transverse index along the z axis.

We assume a one-dimensional zone plate of infinite dimension located at the input of the
GRIN medium and whose transmission function will be represented as

T (x0) =
+∞X

m=−∞
am exp

½
−i2πm

p
x20

¾
, (2)

where p is the spatial period and am the amplitude of the mth harmonic.
When the hybrid optical system formed by the zone plate and the tapered GRIN medium is

illuminated by a coherent uniform beam (figure 1), the complex amplitude distribution on the
zone plate located at z = 0 can be written as

φ (x0) = T (x0)ψ0 (x0) , (3)

where

ψ0(x0) =
exp (ikd)

d1/2
exp

n
i
π

λd
x20

o
(4)

is the complex amplitude distribution due to a cylindrical wavefront of wavelength λ and cur-
vature radius d.

The complex amplitude distribution in the tapered GRIN medium at z > 0 is given by the
integral equation [1]

φ (x; z) =

Z ∞

−∞
φ (x0)K (x, x0; z) dx0, (5)

K (x, x0; z) being the one-dimensional optical propagator of this medium expressed as

K (x, x0; z) =

·
n0

iλH1 (z)

¸1/2
exp {ikn0z} exp

½
i
kn0

2H1 (z)

h
x2Ḣ1 (z) + x

2
0H2 (z)− 2xx0

i¾
, (6)

where H1(z), H2(z), Ḣ1(z) and Ḣ2(z) are the position and the slope of the axial and field rays
at z, respectively:

H1 (z) = [g0g (z)]
−1/2 sin

·Z z

0
g
¡
z0
¢
dz0
¸
= − [g0g(z)]−1 Ḣ2 (z) , (7)
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H2 (z) =

·
g0
g (z)

¸1/2
cos

·Z z

0
g
¡
z0
¢
dz0
¸
=

g0
g(z)

Ḣ1, (8)

the dot being the derivative with respect to z and g0 the value of g (z) at z = 0.
Substituting equations (2)-(4) and (6) into equation (5) we have

φ (x; z) =

µ
n0

iλdH1 (z)

¶1/2
exp {ik (n0z + d)}

× exp
½
i
kn0
2H1(z)

Ḣ1(z)x
2

¾ ∞X
m=−∞

am

Z ∞

−∞
exp

½
i
π

λ

µ
1

d
− 2mλ

p

¶
x20

¾
× exp

½
i
kn0

2H1 (z)

£
H2 (z)x

2
0 − 2xx0

¤¾
dx0. (9)

By integration, equation (9) becomes

φ (x; z) =
1

d1/2
exp {ik(n0z + d)}

∞X
m=−∞

a0m(z) exp
n
i
π

λ
Um(z)x

2
o
. (10)

In equation (10) the amplitude a0m(z) and the complex curvature Um(z) of the mth diffrac-
tion order are given by

a0m(z) =
am

F
1/2
m (z)

, (11)

Um(z) = n0
d

dz
lnFm(z) = n0Ḟm(z)F

−1
m (z), (12)

where

(·)
Fm(z) =

µ
1

d
− 2mλ

p

¶ (·)
H1(z)

n0
+
(·)
H2(z). (13)

From equation (10) it follows that the irradiance distribution along the GRIN medium can
be written as

I (x; z) =
1

d

∞X
m,l=−∞

a0m(z)a
0∗
l (z) exp

n
i
π

λ
[Um(z)− Ul(z)]x2

o
. (14)

Let us particularize the study to the case of a hybrid optical structure formed by a sinusoidal
zone plate of amplitude and a planar GRIN medium with a divergent taper function.

The divergent linear taper function of the planar GRIN medium is given by [1, 5]

g(z) =
g0

1 + z/L
, (15)

4



Tape red gradient-index media and zone plates: influence of off-axis...

Figure 2: Equi-index lines for a divergent linear tapered GRIN medium.

L being the distance from z = 0 to the common apex of the equi-index lines (figure 2).
The transmission function of the sinusoidal zone plate of amplitude is expressed as [6]

T as (x0) =
1

2
+

ε

4i
exp

½
i
2πx20
p

¾
− ε

4i
exp

½
−i2πx

2
0

p

¾
, (16)

where ε is the peak-to-trough amplitude of the transmission function (figure 3).
In this case, the irradiance in the GRIN medium can be written as:

Ias (x; z) =
1

4d

½
1

|F (z)| +
ε2

4 |F1(z)| +
ε2

4 |F−1(z)|
+

ε¯̄̄
F 1/2(z)F

1/2
1 (z)

¯̄̄ sin hπ
λ
[U(z)− U1(z)]x2

i
+

ε¯̄̄
F 1/2(z)F

1/2
−1 (z)

¯̄̄ sin hπ
λ
[U−1(z)− U(z)]x2

i

− ε2

2
¯̄̄
F
1/2
1 (z)F

1/2
−1 (z)

¯̄̄ cos hπ
λ
[U−1(z)− U1(z)]x2

i . (17)

At planes z = zq, where q is an integer, such that H1(zq) = 0, the imaging condition is
verified and equation (10) reduces to

φ (x; zq) =
exp {ik (n0z − d)}
[H2(z)d]

1/2
exp

½
i
π

λ

x2

dH2
2 (zq)

¾ ∞X
m=−∞

am exp

½
−i 2πm
p (zq)

x2
¾
, (18)

where the spatial period of the zone plate at zq reaches the value:

p (zq) = pH
2
2 (zq) , (19)
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Figure 3: Transmission function of a sinusoidal zone plate of amplitude.

and the irradiance takes the form

I (x; zq) =
1

d |H2 (zq)|
∞X

m,l=−∞
ama

∗
l exp

½
−i2π (m− l)

p (zq)
x2
¾
. (20)

This last equation, for the sinusoidal zone plate of amplitude, becomes

Ias (x; zq) =
1

2d |H2 (zq)|
·
1

2
+ ε sin

µ
2πx2

p (zq)

¶
+

ε2

2
sin2

µ
2πx2

p (zq)

¶¸
. (21)

Note the spreading of the irradiance pattern and the diminution of its contrast from an image
plane to the following produced as a consequence of the divergent taper function of the medium.

3 Irradiance distribution for off-axis illumination

We suppose now an off-axis source located at a point ζ in the transverse direction from the z
axis. The complex amplitude distribution on the zone plate is given by

ψ0(x0) =
exp (ikd)

d1/2
exp

(
i
π (x0 − ζ)2

λd

)
T (x0). (22)

Substitution of equation (22) into equation (5) and integration provides

φ (x; z) =
exp {ik(n0z + d)}

d1/2

∞X
m=−∞

a0m(z) exp
½
i
π

λ

·
1

d
− H1(z)

n0Fm(z)d2

¸
ζ2
¾

× exp
n
i
π

λ
Um(z)x

2
o
exp

½
−i2π

λ

ζx

Fm(z)d

¾
. (23)
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From equation (23) it follows that the irradiance at a transversal plane z can be written as

I (x; z) =
1

d

∞X
m,l=−∞

a0m(z)a
0∗
l (z) exp

n
i
π

λ
[Um(z)− Ul(z)]x2

o
× exp

½
i
π

λd

·µ
H1(z)ζ

2

n0d
+ 2ζx

¶µ
1

Fl(z)
− 1

Fm(z)

¶¸¾
. (24)

In order to analyse the effects arising from the displacement of the source, we consider the
above described hybrid system with a sinusoidal zone plate at the input. For this case, equation
(24) becomes

Ias (x; z) =
1

4d

 1

|F (z)| +
ε2

4 |F1(z)| +
ε2

4 |F−1(z)| +
ε¯̄̄

F 1/2(z)F
1/2
1 (z)

¯̄̄
× sin

½
π

λ

·µ
H1(z)ζ

2

n0d2
+
2ζx

d

¶µ
1

F1(z)
− 1

F (z)

¶
+ (U(z)− U1(z))x2

¸¾
+

ε¯̄̄
F 1/2(z)F

1/2
−1 (z)

¯̄̄ sin½π
λ

·µ
H1(z)ζ

2

n0d2
+
2ζx

d

¶µ
1

F (z)
− 1

F−1(z)

¶

+(U−1(z)− U(z))x2
¤ª− ε2

2
¯̄̄
F
1/2
1 (z)F

1/2
−1 (z)

¯̄̄
× cos

½
π

λ

·µ
H1(z)ζ

2

n0d2
+
2ζx

d

¶µ
1

F1(z)
− 1

F−1(z)

¶
+(U−1(z)− U1(z))x2

¤ª¤
. (25)

From equations (17) and (25) it follows that an example of the difference in behaviour
between on-axis and off-axis illuminations concerns the lateral shift of the irradiance pattern,
since this pattern is now centred along a geometrical trajectory proportional to the axial ray
which is given by

xc (z) = −ẋ0H1(z), (26)

where ẋ0 = ζ/ (n0d) is the slope of the refracted ray at the input.
For the imaging condition, the amplitude distribution reduces to

φ
¡
x; zq

¢
=
exp {ik(n0zq + d)}
[dH2(zq)]

1/2
exp

(
i
π

λ

¡
x− ζH2(zq)

¢2
dH2

2 (zq)

) ∞X
m=−∞

am exp

½
−i 2πm
p(zq)

x2
¾
, (27)

which is identical to that for on-axis illumination, given by equation (18), except for a global
phase factor. Therefore, at planes z = zq the irradiance distribution remains the same whatever
the transversal displacement ζ of the illumination source, and equation (26) is always zero since
the axial ray H1(z) cuts the axis when the imaging condition is verified.

Figure 4 depicts the evolution of the centre of the irradiance pattern through the GRIN
medium. Figure 5 shows, for comparison, the irradiance distribution at the input (a), at the
plane z = 8.5 mm (b) and at the two first Fourier planes for off-axis (dot line) and on-axis
(solid line) illuminations. Maximum lateral shifts in reverse sense are observed for these two
consecutive Fourier planes ((c) and (d)). Calculations have been made in all cases for a lateral
displacement ζ = 0.15 mm.
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Figure 4: Geometrical trajectory described by the centre of irradiance pattern. Trajectory
amplitude is increasing due to divergent linear taper function.
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Figure 5: Irradiance distribution for on-axis (solid line) and off-axis (dot line) illuminations
at (a) z = 0 (input plane), (b) z = 8.50 mm, (c) z = 17.01 mm (1st. Fourier plane) and
(d) z = 60.20 mm (2nd. Fourier plane). Calculations have been made for zone plate period
p = 91 × 10−4mm2; illumination parameters λ = 1.3 µm, d = 10 mm and ζ = 0.15 mm; and
GRIN parameters n0 = 1.5, g0 = 0.1 mm

−1 and L = 100 mm.
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4 Influence of finite dimension

Let us now consider a hybrid system of finite dimensions with aperture 2b illuminated by an
on-axis uniform source located at a distance d from the input face of the structure. In this case,
the complex amplitude distribution in the tapered GRIN medium at z > 0 becomes

φ(x; z) =

Z beff

−beff
φ(x0)K(x, x0; z)dx0, (28)

where beff represents the effective semiaperture [7], related to the semiaperture b as

beff = n0d

·
g0g(z)

1 + n20g
2
0d
2

¸1/2
b (29)

and evaluated at the first z plane verifying

tan

·Z z

0
g(z0)dz0

¸
=

1

n0g0d
. (30)

It means that not all the rays reaching the GRIN medium will be confined through it and
then there is a spatial limitation in the size of the zone plate. For a explicit derivation of
equations (29) and (30), see appendix A.

Substituting equations (2)-(4) and equation (6) into equation (28) and integrating, we arrive
at the following complex amplitude distribution

φ(x; z) =
1

(i2d)1/2
exp {ik (n0z + d)}

∞X
m=−∞

a0m(z) exp
n
i
π

λ
Um(z)x

2
o
Qm(x; z), (31)

where

Qm(x; z) = Q
£
θ+m(x; z)

¤−Q £θ−m(x; z)¤ (32)

and Q is the complex Fresnel integral defined as

Q (τ) = C (τ) + iS (τ) =

Z τ

0
exp

³
i
π

2
t2
´
dt, (33)

C and S being the real and imaginary parts of Q and

θ±m (x; z) =
µ

2n0
λ |H1 (z)| |Fm (z)|

¶1/2
(±|Fm (z)| beff − x) . (34)

From equation (31) we arrive at the following expression for the irradiance

I (x; z) =
1

2d

∞X
m,l=−∞

a0m (z) a
0∗
l (z) exp

n
i
π

λ
[Um (z)− Ul(z)]x2

o
Qm(x; z)Q

∗
l (x; z), (35)
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which can be rewritten for the particular hybrid structure discussed in section 2 as

Ias (x; z) =

(
1

8d

|Qo(x; z)|2
|F (z)| +

ε2

4

|Q1(x; z)|2
|F1 (z)| +

ε2

4

|Q−1(x; z)|2
|F−1 (z)|

+
ε¯̄̄

F 1/2(z)F
1/2
1 (z)

¯̄̄ [(Re [Qo(x; z)] Re [Q1(x; z)] + Im [Qo(x; z)] Im [Q1(x; z)])
× sin

³π
λ
[U(z)− U1(z)]x2

´
− (Re [Qo(x; z)] Im [Q1(x; z)]

− Im [Qo(x; z)] Re [Q1(x; z)]) cos
³π
λ
[U(z)− U1(z)]x2

´i
− ε¯̄̄
F 1/2(z)F

1/2
−1 (z)

¯̄̄ [(Re [Qo(x; z)] Re [Q−1(x; z)] + Im [Qo(x; z)]
× Im [Q−1(x; z)]) sin

³π
λ
[U(z)− U−1(z)]x2

´
− (Re [Qo(x; z)] Im [Q−1(x; z)]

− Im [Qo(x; z)] Re [Q−1(x; z)]) cos
³π
λ
[U(z)− U−1(z)]x2

´i
− ε2

2
¯̄̄
F
1/2
1 (z)F

1/2
−1 (z)

¯̄̄ [(Re [Q1(x; z)] Re [Q−1(x; z)] + Im [Q1(x; z)]
× Im [Q−1(x; z)]) cos

³π
λ
[U1(z)− U−1(z)]x2

´
+ (Re [Q1(x; z)] Im [Q−1(x; z)]

− Im [Q1(x; z)] Re [Q−1(x; z)]) sin
³π
λ
[U1(z)− U−1(z)]x2

´io
. (36)

This expression cannot be applied to image planes since H1 cancels and the Fresnel integrals
behave as if the hybrid system dimensions were unlimited. To find an appropriate expression to
evaluate these planes we take into account the Lagrange invariant[8]

Ḣ1(z)H2(z)−H1(z)Ḣ2(z) = 1 (37)

and use it in equation (9), establishing previously the integral limits from −beff to beff. Making
H1 (z) tend to zero we can arrive at the equation

φ (x; zq) =
exp {ik (n0zq + d)}
(H2(zq)d)

1/2

×
∞X

m=−∞
am

Z beff

−beff
exp

½
i
π

λ

µ
1

d
− 2mλ

p

¶
x20

¾
δ

µ
x0 − x

H2 (zq)

¶
dx0, (38)

whose solution is

φ (x; zq) =

 0, for |x| > beff,
exp{ik(n0zq−d)}
[H2(zq)d]

1/2 exp
n
iπλ

x2

dH2
2 (zq)

o ∞P
m=−∞

am exp
n
−i 2πmp(zq)

x2
o
, otherwise.

(39)

This equation shows that the irradiance at a plane verifying the imaging condition is a replica
of the irradiance on the zone plate, and suffers no diffraction, contrary to what happens at the
other planes.
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Figure 6: Irradiance distribution at planes (a) z = 8.50 mm, (b) z = 17.01 mm (1st. Fourier
plane), (c) z = 31.47 mm and (d) z = 36.91 mm (1st. image plane) for a hybrid system of
finite transverse dimensions. Calculations have been made for the parameters of figure 5 and an
effective aperture 2beff = 1.2 m m. The dotted cur ves denote the i rradiance wi thout the effects
of the aperture size.
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We can write equation (39) as

φas (x; zq)||x|<beff =
exp {ik (n0zq + d)}
[H2(zq)d]

1/2
exp

½
i
π

λ

x2

dH2
2 (zq)

¾½
1

2
+

ε

4i
exp

·
i
2πx2

pH2
2 (zq)

¸
− ε

4i
exp

·
−i 2πx2

pH2
2 (zq)

¸¾
, (40)

where (16) has been used.
The corresponding irradiance is

Ias (x; zq)||x|<beff =
1

2d |H2 (zq)|
·
1

2
+ ε sin

µ
2πx2

p (zq)

¶
+

ε2

2
sin2

µ
2πx2

p (zq)

¶¸
, (41)

which is the same as equation (21) but limited to the range [−beff, beff].
Figure 6 depicts the effects on the irradiance distribution at several planes inside the GRIN

medium which arise as a result of the finite dimension of the hybrid system. For comparison,
the solid line indicates the irradiance for the case of finite dimension, whereas the dotted line
is referred to infinite dimension. Diffraction around the edge of geometrical shadow (x(z) =
beffF (z) ) of the periodic object is observed. This edge of geometrical shadow is obtained for
(a) x = 0.73 mm, (b) x = 0.43 mm and (c) x = 0.45 mm. In case (d) no diffraction occurs.

5 Summary

The effects of off-axis illumination and finite object dimension on the irradiance distribution in
a hybrid system formed by a zone plate and a tapered GRIN medium have been derived and
applied to a GRIN medium with a divergent linear taper function and a sinusoidal zone plate of
the amplitude. On the one hand, off-axis illumination provides a lateral shift of the irradiance
that is centred along a geometrical trajectory proportional to the axial ray and, on the other
hand, finite dimension produces in the GRIN medium diffraction around the edge of geometrical
shadow of the zone plate. These effects should be taken into account when potential applications
in some fields are studied.
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Appendix A
In a GRIN planar medium of semi-aperture b and length d0 illuminated by an on-axis source,

a ray will be confined if its height satisfies the condition

x (z) ≤ b for 0 ≤ z ≤ d0. (A.1)

Equation (A.1) for the marginal ray becomes

xm = beff

·
H1 (z)

n0d
+H2 (z)

¸
, (A.2)
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Figure 7: Paraxial marginal ray path in a GRIN medium of semiaperture b for an on-axis point
source at a distance d from the input face. beff is the height of the marginal ray on the input
and z the position inside the GRIN medium at which its slope cancels.

where beff is the incident height of the marginal ray on the input face of the GRIN medium and
beff/ (n0d) is the slope of the refracted marginal ray at the input face (figure 7).

Likewise, the slope of the marginal ray at z vanishes, that is

0 = beff

"
Ḣ1 (z)

n0d
+ Ḣ2 (z)

#
. (A.3)

From equation (A.3) it follows that

tan

·Z z

0
g
¡
z0
¢
dz0
¸
=

1

n0g0d
, (A.4)

where equations (7-8) have been used.
Substitution of equations (A.4) and (7-8) into equation (A.2) provides

beff = n0d

·
g0g(z)

1 + n20g
2
0d
2

¸1/2
b. (A.5)
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Tapered gradient-index media and zone plates: influence of off-axis...

Figure Captions

Figure 1. Geometry for the evaluation of the complex amplitude distribution in a hybrid optical
system, tapered GRIN medium/zone plate, illuminated by a cylindrical uniform wavefront.
Parameter d represents the distance from the point source to the zone plate.

Figure 2. Equi-index lines for a divergent linear tapered GRIN medium.

Figure 3. Transmission function of a sinusoidal zone plate of amplitude.

Figure 4. Geometrical trajectory described by the centre of irradiance pattern. Trajectory amplitude
is increasing due to divergent linear taper function.

Figure 5. Irradiance distribution for on-axis (solid line) and off-axis (dot line) illuminations at (a)
z = 0 (input plane), (b) z = 8.50 mm, (c) z = 17.01 mm (1st. Fourier plane) and (d)
z = 60.20 mm (2nd. Fourier plane). Calculations have been made for zone plate period
p = 91 × 10−4mm2; illumination parameters λ = 1.3 µm, d = 10 mm and ζ = 0.15 mm;
and GRIN parameters n0 = 1.5, g0 = 0.1 mm

−1 and L = 100 mm.

Figure 6. Irradiance distribution at planes (a) z = 8.50 mm, (b) z = 17.01 mm (1st. Fourier plane),
(c) z = 31.47 mm and (d) z = 36.91 mm (1st. image plane) for a hybrid system of finite
transverse dimensions. Calculations have been made for the parameters of figure 5 and an
effective aperture 2beff = 1.2 mm. The dotted curves denote the irradiance without the
effects of the aperture size.

Figure 7. Paraxial marginal ray path in a GRIN medium of semiaperture b for an on-axis point
source at a distance d from the input face. beff is the height of the marginal ray on the
input and z the position inside the GRIN medium at which its slope cancels.
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