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The free propagation of a wave front in an inhomogeneous medium with parabolic refractive-index profile and
the division of the wave front into Fresnel zones are studied. We determine the radius and the area of each
zone as well as the zone contribution to the total wave at an observation point inside the medium. We find the
condition that the optical path must fulfill from each zone to that point so that the disturbance due to succes-

sive zones will be in phase opposition.

Once this condition is settled the concept of zone plate in gradient-

index media is introduced. © 2002 Optical Society of America

OCIS codes: 110.2760, 350.5500.

1. INTRODUCTION

Fresnel zones resulting from the division of a wave front
that propagates in a homogeneous medium are well
known in optics and have received widespread attention.
Fundamental properties and many practical applications
have been considered.! Fresnel zones and zone plates
have played and still play a leading role in the study of
propagation and diffraction of light through homogeneous
media. Recently Rivas-Moscoso et al. studied light
propagation through hybrid optical structures formed by
a zone plate located at the input plane of a tapered
gradient-index (GRIN) medium and the influence of off-
axis illumination and finite dimension on light
propagation.2® The purpose of the present paper is to
generalize the zone division of a wave front for light
propagation in GRIN media and to discuss the imaging
properties of zone plates in these media as a logical con-
tinuation of the previous papers. We have found infor-
mation on this topic only in Ref. 4, where the shape of the
first Fresnel zone is obtained by making use of the
method of stationary phase in the geometrical-optics ap-
proximation.

The plan of the paper is as follows. In Section 2 we ob-
tain the general expression for the complex-amplitude
distribution at a point within an inhomogeneous medium
after free propagation of a wave front in it. In Section 3
we divide this wave front into zones and calculate the ra-
dii and areas of those zones. In Section 4 we study the
irradiance distribution along the optical axis to see where
the maxima and minima of irradiance occur. In Section 5
we obtain the contribution of each zone to the total dis-
turbance at an observation point as well as the addition of
the contributions of an odd and even number of zones. In
Section 6 we deal with the zone-plate construction in
GRIN media and establish an analogy with the lens im-
aging formula, and we apply the results to various types
of taper functions. Finally, in Section 7 we present our
conclusions.
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2. FREE PROPAGATION OF A WAVE
FRONT IN GRADIENT-INDEX
MEDIA: GENERAL EXPRESSION

Let us consider a tapered GRIN medium characterized by
a transverse parabolic refractive index modulated by an
axial index and whose refractive-index profile is given by

n’(x, z) = no’[1 — g*(2)r*}; rP=x®+y% (1

where n is the index at the z optical axis and g(z) is the
taper function that describes the evolution of the trans-
verse parabolic index distribution along the z axis.

A point source within the medium emits light that
propagates a distance z, producing a disturbance at a
point (ry, z) that can be expressed, in parabolic approxi-
mation, by the following wave front,

kno

= — 7 explik
il (z) TP k02)

b (ro;z)

kno
2H(2)

X expi i [ro2H(2)]}, (2)

where H,(z) and H,(z) are the position and the slope of
the axial ray and the dot represents the derivative with
respect to z.> From Eq. (2) it follows that the curvature
radius of the wave front can be written as

H,(z)

R(z) = ——
noH(z)

3

The complex-amplitude distribution at a point (r, z') in-
side the medium (see Fig. 1) can be calculated from the
wave front 3 in Eq. (2) by solving the diffraction integral®

Y(r;z') = JEK(r, ro; 2 ) (ry;z)ds, (4)

where K(r, rq;z') is the kernel or propagator for GRIN
media in cylindrical coordinates,
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Fig. 1. Geometry for the propagation and division of a wave
front in a GRIN medium
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dX is the surface element, which can be expressed as
ds LG dred
=1+ —— , 6
le(z)ro rodrode (6)

and H{(z'), Hy(z'), H{(2"), and Ho(z') are, respectively,
the position and the slope of the axial and field rays at z’
after propagating from z. This involves changing the in-
tegration limits in the argument of the sine and cosine
functions in the expressions of H;(z), Hy(z) and
H,(z), Hy(z) given in Ref. 5, which now go from z to z'.

Substitution of Egs. (2), (5), and (6) into Eq. (4) pro-
vides

, k2no2 exp(ikngz’) ~ kn, (s
b(r;z') = omH (2 exp Z2H1(Z/) 127
1 kngrrg
[t
H(z) H,(z")
[_kno Hyz) Hy() 2]
X exp)yi—— + "o
2 |Hy(z) Hy(2")
MGE 2}1’2 . o
ng(z)’"o roQdro,

where J, is the zero-order Bessel function of the first
kind. This is the general expression for the complex am-
plitude distribution at a point (r, z') after propagation of
a wave front 2 in the parabolic approximation.

3. WAVE-FRONT DIVISION: ZONE RADII
AND AREAS

Following Fresnel, instead of directly solving the integral
in Eq. (6), we divide the wave front X into zones. For
that purpose we consider a circular aperture with radius
h and assume slow variations of z within the zone deter-
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mined by this aperture. Furthermore, we restrict the
study to observation points on the optical axis and to
wave fronts sufficiently far from the image planes, where
H(z) = 0. This allows us to develop the surface ele-
ment in power series up to second order and to avoid the
singularity that exists at those planes. With these con-
ditions kept in mind, Eq. (7) becomes

h B(z, z')
gz = Uz, z’)f exp i—r&}
0 2
1 H12(2‘) 9
X |11+ EH—IZ(Z)rO -rodro, (8)
whose solution is
a2 Bz )
G b |
H*(z) B(z, z') 2
+ ———|hexp|i h?|—
2H ,%(2) iB(z,z')
B(z, z')
X eXpiTh2 -1 9

and where we have defined

, k2n02 k ,
{(z,2') = —mexp(l nez')
. kno ) 9
X exp lmHl(z”)r (10)
H1(Z) Hy(z'")
B(z,2') =kno| 77— + ———|. (11)
Hi(z) Hyz'")
The corresponding irradiance can be written as
k2n02
Iz') = or 2
m[H(2)H(2") + Hy(z")H1(2)]
B(z, z') h2H%(z)
X sin?| ———h? + — | 12
4 2H,%(z)

after we disregard the terms that go with H,*(2)/H*(z)
since their contribution under the imposed restriction
that the wave front must be sufficiently far from the im-
age planes—or, equivalently, H,(z) < H;(z)—is negli-
gible.

The radius & assumes certain values for which maxima
and minima of irradiance are reached at a point z'.
Those values can be evaluated by differentiating Eq. (12)
with respect to 2 and making the result equal to zero:

h? H12(2)
7HlQ(Z)

2B(z, z")| 1 + sin

B(z, z'")
hQ} = 0.
2

(13)

This equation is fulfilled by the values 4 resulting from
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o JNH(2)Hy(2)

J .

nolHq(z")H1(2) + Hy(z')H1(2)]

JNH1(2")R(2)
= , (14)
noHy(z")R(z) + Hy(z")

where j is an integer that assumes an even value for
minima and an odd value for maxima and where Eq. (3)
has been used. In Fig. 2 we represent the irradiance I as
a function of the radius & and its square. Equation (14)
predicts the positions of maxima and minima as well as
the periodicity of the irradiance with #2. Making use of
this result, we proceed to the division of the wave front X,
into zones whose radii are given by Eq. (14). Radii A;
permit definition of the distance r; from 2z’ to the upper
end of the jth zone (see Fig. 3) as

JNH (2" )H1(2)

2(z" — z)no[Hy(z')H(2) + Hy(2)H,(2")]
N JNH (2")R(z)
2(z' — z)[noHy(z")R(2) + Hy(z")]’
(15)

which has been developed in power series up to second or-
der.

In contrast, the distance s; between the plane contain-
ing the jth zone and the vertex of the wave front can be
easily calculated by using Eqgs. (14) and (15) to give

=(z' —2)
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J 4 ’ ’
2no[H(z)Hq(2") + H1(2)Hy(2')]
JNH ((2')
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Fig. 2. Irradiance I in a GRIN medium with n, = 1.5 and g,

= 0.1 mm™! as a function of (a) the radius % and (b) the square
of h.
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Fig. 3. Parameters for the division of the wave front into zones.

By integration of the surface element d¥ within the limits
of each zone, we can determine the zone areas, which are
given by

=

J 5
hj nolHy(z")H,(2) + Hi(z")Hy(2)]
7\NH(z")R(z)
= - —. amn
noHy(z")R(z) + Hy(2")
Note that there is no dependence on j and that the zone
areas are very nearly equal.

3;

fhju mNH (z")H(2)

At the Fourier transform planes [H;(z) = 0] the wave-
front curvature becomes zero [1/R(z) — 0], and conse-
quently there are no variations of z within a zone. This
fact allows the simplification of Eqs. (9)—(17), the irradi-
ance at a point z’ being

, k2n,? - B(z, z') )
Ipp(2') = 71_21_112(2)1122(2,)31n 4 h }, (18)
the distance
, JNH (2")
ri=(" —z)+ oni, 2 —2) (19)
and the expressions of the zone radii and areas
JNH(2')
hjz = —, (20)
noHy(z")
7\H{(z")
Ej = W, (21)

respectively. In both the general case [Eqs. (9—(17)] and
the particular case in which we restrict ourselves to wave
fronts at the Fourier transform planes [Egs. (18)—(21)], all
the expressions duplicate the classic results for homoge-
neous media® by making H,(z') — z' — z and Hy(z')

— 1.

4. IRRADIANCE DISTRIBUTION ALONG
THE OPTICAL AXIS

In Section 3 the zone radii that produced maxima and
minima of irradiance for a certain observation plane z’
were determined. Now we set a value for the aperture
radius & and see how the irradiance evolves through the
GRIN medium. We consider two cases to evaluate the
maxima and minima positions: wave front at Fourier
transform planes and wave front off Fourier transform
planes.

A. Wave Front at Fourier Transform Planes

Maxima and minima positions can be obtained by differ-
entiating the irradiance given by Eq. (18) with respect to
z' and making it equal to zero. To gain clarity, we will
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apply the equation to a selfoc medium, that is, a medium
in which g(z) is a constant. For this medium the axial
and the field rays are given, respectively, by®

Hi(z) = go 'sin(gez),
Hi(z') = go 'sin[go(z' — 2)] (22)
and

Hy(z) = cos(goz),  Hsy(2') = cos[go(z" — 2)],

(23)

where g, is the gradient parameter.
The derivative equalized to zero becomes

kng hzgo
gin?{ —— —  —
4 tan[go(z' — 2)] kng
- - h
cos[ go(z' — 2)] 4

. kno h2g0 kno h2g0
smy————(COS\—— —————————
4 tan[go(z' — 2)] 4 tan[go(z' — 2)]

sin’[ go(z' — 2)]
=0. (24)
Minima will be at positions satisfying
kn h?g,
sinf — —— X =0, (25)
4 tan[gy(z' — 2)]
which correspond to

1 n0h2g0
Zinin = —tan”! + 2, (26)
8o 2mN\

where m is an integer.

There is no analytical solution for maxima, so we must
use a geometrical method to obtain them. Cancellation
of the cosine term in Eq. (24),

kng h’g,
cos{ — — =0, 27)
4 tan[go(z' — 2)]
yields the points
1 nohzgo
' = —tan | ——— z, (28)
So (2m + 1)\

which are the maxima of the sine in Eq. (18) but not the
maxima of irradiance.

We now represent the left-hand side of Eq. (24) as a
function of z’ and also, separately, the first and second
terms of the same equation (see Fig. 4). We can estimate
the maxima positions by paying attention to the area
around positions Z’ (or, equivalently, positions A), which
is shown as an enlargement in Fig. 4(b). Knowing posi-
tion A, one can easily determine position B, so that the
length of segment AB is

n0h2g0 “ 29)

AB = cos Y tan 1l —— "
(2m + 1N

Keeping in mind that AB = CD, we can calculate the dis-
placement AC by means of the tangent of angle «, which
is the derivative of the second term in Eq. (24):
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Fig. 4. Geometrical method for estimation of the positions of the
maxima of irradiance when the wave front is located at a Fourier
transform plane. (a) Shown are the left-hand side of Eq. (24)
(solid curve) and the first (dashed curve) and second (dotted
curve) terms of that equation. Squares, intersections of the
solid and dashed curves (positions B); triangles, positions of the
minima of irradiance; inverted triangles, positions Z'; circles, cal-
culated positions of the maxima of irradiance. We observe that
for m = 0 our calculation is wrong: the principal maximum is
at the image plane in variable z. (b) Enlargement of the area se-
lected by a box in (a).

k2n02 n0h2g0
tana = tan 8 = ——h*gy’ sin | tan | ———| .
16 (2m + 1)A
(30)
The length of segment AC is then
—  ¢D
AC =
tan o
4\ n0h2g0
= 55 3 sin{ tan 1| ———|},
mnoh®gy*(2m + 1) (2m + 1)\

(31)

and we conclude that the maxima are at positions
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R 1 n0h2g0
2;x=C=2+AC=z+ —tan }|————
o (2m + 1)\
4N noh’gg
+ — T3 sin*{ tan | ———
mnohgy*(2m + 1) (2m + 1)\

(32)

This is only an approximated value; the approximation is
more accurate for higher orders of m. Note that in a ho-
mogeneous medium, gq = 0 and AC — 0.

The principal maximum is located at positions given by
m = 0 only when

> T, (33)

o\ | 2

i 1(n0h2g0> o
an

which is fulfilled for small g, and A, and large . This
condition comes from a comparison of the behavior of the
sine and Hy(z') terms in Eq. (18) for different values of
Zo, N\, and h; the greater the first member of Eq. (33) is
than 7, the better the condition is verified. In this case,
the width of the first peak of the sine is greater than the
width of the cosine and the irradiance has a principal
maximum where Eq. (32) predicts it. When the first
member of Eq. (33) is much smaller than 7, the width of
the cosine is much greater than the width of the sine and
the principal maximum is always located at z,,., = 7g
(Fourier transform plane in variable z’ or image plane of
the point source). The irradiance at its peak is given by

, k*ng'go* 4
I(Zmax = 7T/g0) = 1672 h*. (34)

In Fig. 4, parameters were chosen in order to be in this
case, and thus the principal maximum is at the image
planes in variable z. In Fig. 5 the irradiance is repre-
sented along the z' axis.

Up to this point we have dealt with the two extreme
cases. If we make the first term of Eq. (33) be approxi-
mately 7, the principal maximum is not at the image

x10° . , . .
14} .

12

10t 4

L db o

20 30 40 50 60 70

7 (mm)

Fig. 5. Variation of the irradiance with the position inside the
GRIN medium when the wave front is at a Fourier transform
plane. Calculations were made for n, = 1.5, g5 = 0.1 mm 1,

and 2~ = 0.3 mm. Maxima are at image planes in variable z.
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Fig. 6. Estimation of the positions of the maxima of irradiance
when the wave front is off a Fourier transform plane. (b) En-
largement of the area around the image plane.

plane, but neither can it be predicted by Eq. (32). It
tends to this predicted value as the first term in Eq. (33)
increases.

B. Wave Front off Fourier Transform Planes
Figure 6 is the equivalent of Fig. 4 for a wave front off the
Fourier planes. We can apply a geometrical method
similar to the one used in the previous case to calculate
the positions of the maxima of irradiance.

Proceeding as in Subsection 4.A, we obtain for the irra-
diance distribution in Eq. (12) that the minima are at

1
Zpin = —tan"') go
8o

Likewise, positions zZ' are given by

2mN\ HI(Z)
noh?  Hiy(z)

+z. (35)
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1 ( 2m + )N H,y(2)
z' = —tan ! go/ — + z.
(36)

8o noh® H(z)

Consequently, the maxima are located at

— 1

z
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As in Subsection 4.A, m = 0 provides the principal maxi-
mum position only when the condition in Eq. (33) is veri-
fied. Figure 6 shows the case in which the first term of
Eq. (33) is much greater than 7. We can observe that the
principal maximum is no longer at image planes in z vari-

H1(Z)

max

8o n0h2

’

[Hl(Z)go Sin(golenax - Z) + Hl(Z)COS(gozmax -

+

(2m + 1)
! C=z+ sz+—tanl(g0/{ -
H,y(z)

|

2)1sin* (g2 max — 2)
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16
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Wave-front position with respeét to the Fourier plane (mm)

Fig. 7. Principal maximum position as a function of the dis-
placement of the wave front from the Fourier transform planes
for curves (a) A = 0.3 mm and A\ = 1.55 um, (b) ~ = 0.3 mm and
N=13pum, (¢c) h = 0.4mm and \ = 1.3 um, (d) ~ = 0.3 mm
and A\ =08um, (¢) A =04mm and A =13 um, () A
= 05mm and A = 1.3 um, (g) A = 0.7mm and N\ = 1.3 um,
and (h) 2~ = 0.7mm and A = 0.8 um. We took g, = 0.1 mm !
and the first image plane to be at z’ = 107 mm.

8.04 0.05 0.06 0.07 0.08 0.09 0.1
8o (mm)
Fig. 8. Wave-front position with respect to the Fourier plane for
which the turning point of the principal maximum is achieved (A)
as a function of the gradient parameter g .

(37)

—2) + Hi(2)cos( 802 max — Z)}

able [it is slightly shifted from those planes, as shown in
the enlargement in Fig. 6(b)] as happened when the wave
front was at the Fourier transform planes. In Fig. 7 we
show the principal maximum position as a function of the
wave-front position measured from the Fourier plane.
We observe that the variation in the principal maximum
position decreases with increasing & and decreasing \.
On the other hand, as the wave front shifts from the Fou-
rier transform planes, the principal maximum moves
away from the image planes and subsequently ap-
proaches them again. The maximum shift from the im-
age planes is, however, achieved for the same wave-front
location in all cases, which leads us to conclude that the
maximum shift is only a function of the medium charac-
teristics. In particular, that turning point of the princi-
pal maximum varies inversely as the gradient parameter
g, (Fig. 8).

5. ZONE CONTRIBUTION TO THE TOTAL
DISTURBANCE

Equation (8) allowed us to determine the total distur-
bance at a point z' that is due to a circular aperture of
radius h. To find the contribution of a single zone, we
only have to change the limits of integration and choose
them to go from h;_; to h;. Hence, for wave fronts at
Fourier transform planes and off them, the contribution
of the jth zone to the field at z’ is given, respectively, by

N1 J_l2i§(z, z' a8
l//'J(Z ) - (_ ) B(Z, ,) ’ ( )
gy 2ifE )
(p](Z ) - (_ ) B(Z, ZI)
H12(2)
% (7 — j2m — 2i)|.

 2B(z, 2')H,%(2)
(39)
We note that the contributions of the successive zones are

alternately positive and negative. The total effect atz’ is
obtained by summing all these contributions. If;is even,
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a minimum is obtained at z', and if j is odd, the irradi-
ance will give a maximum:

2
I(z") = | 2 yi(z")
J
4|¢(z, z")|?
7‘“ ) if j is odd
=1 B2z, z") , (40)
0 if j is even
Zone plate

Fig. 9. Geometry for calculation of the ring radii of a zone plate
in a GRIN medium.
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I(z")

2

2 bi(z")
J

4 "2 H 2
ez, 20 fE e isedd
=\ B%z,2z)| Bz, z)HXz)
0 if j is even.
(41)

Equation (40) is the irradiance for wave fronts at Fourier
transform planes, and Eq. (41) is for wave fronts off Fou-
rier transform planes. In both we have disregarded the
terms that go with H;*(z)/H*(z). Seeing these equa-
tions, we conclude that for wave fronts at Fourier trans-
form planes all the zones contribute in the same way,
whereas the contributions are slightly different for wave
fronts shifted from those planes because of the depen-
dence of the irradiance on j.

6. ZONE-PLATE CONSTRUCTION

To calculate the ring radii of a planar zone plate for a pa-
raboloidal wave front [Eq. (2)] in a GRIN medium, let us
take into account Fig. 9. From triangles PA;P’ and

x10’
20
15}
~10}
5k
0 A i
8.5 9 9.5 10
d’ (mm)
x10° ®)
4
Iy
2
0 ke
2 4 6 8 10
d’ (mm)
. (@
x10
I
4
Py
2
0
2 4 6 8 10
d’ (mm)

Fig. 10. Irradiance in terms of the optical axis z' [(a), (c), and (e)] and the equivalent object distance d’ [(b), (d), and (f)] when a sinu-
soidal zone plate of the amplitude, a Fresnel zone plate of the amplitude, and a Fresnel zone plate of the phase, respectively, are placed

at a Fourier transform plane in a selfoc medium. Calculations were made for A = 1.3 um, nq = 1.5, gy = 0.1 mm~

position of the wave front z = 57 mm.

1 2! = 35 mm, and
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Fig. 11. Irradiance in terms of the optical axis z’ [(a), (c), and (e)] and the equivalent object distance d’ [(b), (d), and (f)] when a sinu-
soidal zone plate of the amplitude, a Fresnel zone plate of the amplitude, and a Fresnel zone plate of the phase, respectively, are placed

off a Fourier transform plane in a selfoc medium. Calculations were made for A = 1.3 um, ny = 1.5, go = 0.1 mm~

position of the wave front z = 20.708 mm.

P’A;O we obtain

a® = (noR(z) + pj)® — 2% = (ry’ + p;')* = ro'?

(42)

As nogR(z) ~ 2z, and z > p; and ry’ > p;’, since slow

variations of z within a zone have been considered, we can
. , .

disregard the squares of p; and p;" and write

aj2 = 2n,R(z)p; = 2r('p;'. (43)
From here it follows that
2 2

a; a;

= — ;= . 44
2noR(2) P 2r,’ (“44)

Pj

But the light that is propagated along PA;P’ travels a
path that is longer by the amount

JNH1(z2")R(2)
2(z" = z)[noHy(2")R(z) + Hy(z')]

. JNH(2")
2no[Hq(2") + noR(2)Hy(z")]

(45)

than the one that follows POP’, where Egs. (15) and (16)
have been used. Then we can write

1 2! = 35 mm, and

P'A;P — P'OP

noR(z) + p; + p;' + ro/ —(z +1ry’)

=p;+pj
JNH(2)H (2")
2(z" — z)ng[Hy(2)H1(2") + Hy(z')H,(2)]

JNH (2)Hy(2")

+ )
2no[H(2)Hy(2") + Hy(2)Hy(2")]

and, relations (44), we can express Eq. (46) as

a? 1 1

- + —
noR(z) 1o’

2
B JNH (2)Hq(2")
2no[Hy(2)Hy(2') + Hy(2")H1(2)]

1 H1(2)
+
—z) Hyz)

— z, we obtain

X

. (47)

!

(z
Now considering ry' = z’
JNH (2)H(z")

a = — =12, (48)
no[H1(z)H1(z") + Hy(z')H,(2)]
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which coincides with Eq. (14). Therefore the planar
zone-plate ring radii coincide, in first approximation, with
the zone radii of the paraboloidal wave front.

Equation (48) can be regarded as the formula of an ap-
parent lens,

Hl(z) 1 JA
J,- =
H(2)Hy(z')  Hy(z') nohj*Hy(z')

1 1 1
= —=—+ —, (49
f d d’
where
nohszz(Z’) n0h12H2(2’)
f= - = (50)
JA A
is the focal length,
H(z)Hy(z")
d = ———— = noR(2)Hy(z") (51)
H(z)
is the object distance, and
d' = Hqz") (52)

is the image distance. The focal length f'is defined as the
distance d’ where light is focused when the zone plate is

8

x 10
4
3
P~
2.
1
0 A
35 - 36 37 38 39
Z (mm)
x107 (a)
2
15
Py
1
0.5
(1]
20 30 40 50
Z (mm)
(c)
x 10’
2
15
—
;
0.5
0 A
20 30 40 50
Z (mm)
(e)

Vol. 19, No. 11/November 2002/J. Opt. Soc. Am. A 2261

located on a plane such that the curvature radius R(z)
tends to infinity, that is, at a Fourier transform plane.

There are different kinds of tapered GRIN media de-
pending on the functional form of g(z). Let us apply the
zone-plate construction to the well-known selfoc media
and to media with divergent linear and parabolical taper
functions (whose importance as focusers and collimators
in optical communications must be emphasized) given, re-
spectively, by

8o 8o

1+ 2L’ g(z) = —— (53)

8(z) = (1 + 2/L)%

where L is the distance from z = 0 to the common apex of
the equi-index lines, and gy = g(0). The axial and the
field rays for these media are, respectively,

(L +2)"

z
Hy(z) = ——%——sin|goLIn| 1 + — ]|,
11( ) L1/2g0 8o L
(L +2z")" L +z"
Hy(z') = ——5—si L1 ; (54
u(z’) L2, s ol In| 7 (54)
L+ 2\ z
Hy(z) = cos|goLIn| 1 + —||,
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2
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Fig. 12. Irradiance in terms of the optical axis z' [(a), (¢c), and (e)] and the equivalent object distance d’ [(b), (d), and (f)] when a sinu-
soidal zone plate of the amplitude, a Fresnel zone plate of the amplitude, and a Fresnel zone plate of the phase, respectively, are placed
at a Fourier transform plane in a linear divergent medium. Calculations were made for A = 1.3 um, ny = 1.5, gy = 0.1mm™}, L
= 100 mm, z, = 35 mm, and position of the wave front z = 17.009 mm.
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Fig. 13. Irradiance in terms of the optical axis z' [(a), (¢c), and (e)] and the equivalent object distance d’ [(b), (d), and (f)] when a sinu-
soidal zone plate of the amplitude, a Fresnel zone plate of the amplitude, and a Fresnel zone plate of the phase, respectively, are placed
off a Fourier transform plane in a linear divergent medium. Calculations were made for A = 1.3 um, ny = 1.5, gy = 0.1mm™!, L

= 100 mm, z', = 35 mm, and position of the wave front z = 20.009 mm.
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Fig. 14. Diffractive-order shifts when the wave-front position moves from the Fourier transform planes for (a) a selfoc medium and (b)
a linear divergent medium. Solid curve, wave front at the Fourier transform plane, dashed, dotted, and dashed—dotted curves, wave

fronts displaced 3, 5, and 7 mm from the Fourier transform plane, respectively.
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L+ 2\ L+ 2z
Hy(z') = 7 cos| goL In I +2 ; (65)
and
T ey L 2)
L+ 2z ) 1
H "= sin| gL — ; (56
@) = e sinl gl s )| 68
L+ z goLZ
Hy,(z) = T cos L+al
/ L+ 2z N 1
Hy,(z') = cos| goL I+z Ltz (57)

Substitution of Eqgs. (22), (23), and (54)—(57) into Egs.
(50), (51), and (52) produces
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for a divergent parabolical medium. Variable z, repre-
sents the position z' for which radius A is calculated.

Figures 10 and 11 show the variation of the irradiance
along the optical axis in a selfoc medium for a wave front
placed at the Fourier transform plane and off it, respec-
tively, and for three types of zone-plate transmission func-
tions, namely, a sinusoidal zone plate of the amplitude
and a Fresnel zone plate of the amplitude and of the
phase. We can observe that there are several peaks of ir-
radiance, each of which corresponds to a diffractive order.
The positive and negative orders are placed symmetri-
cally with respect to order zero in Fig. 10, but the symme-
try is lost in Fig. 11.

Figures 12 and 13 are equivalent to Figs. 10 and 11 but
for a linear divergent medium. In this medium we can-
not observe any symmetry between the diffractive orders.
Figure 14 shows the irradiance for various positions of the
wave front in a (a) selfoc medium and (b) a linear diver-
gent medium when a sinusoidal zone plate of the ampli-

sin(goz)sin[ go(z," — z)]cos[ go(z" — 2)]

fsf: . ; . ; ) (58)
golcos(goz)sin[ go(z," — 2)] + sin(goz)cos[ go(z," — 2)]}
1
ds = —tan(goz)cos[go(z" — 2)], (59)
8o
1 .
dy = —sin[go(z' — 2)], (60)
8o
for a selfoc medium;
s ) z ) L +z,/ : L+ 2z
L+ z)L +2z' i L 1+ — L L
( z2)( z')"*sin| gL In i3 8o nL+z cos| gy nL+z
fi= o z (L +z,/ . z L+ 2z, ’
L*?cos|goLIn| 1 + —| |sin|g,L In + (L + z)L"sin|goL In| 1 + —||cos|goL In
&o &o 7|5 8o [ ( z) in| g I3 &o [
(61)
(L + 2)(L +2z")"? z
= tan|goL In{ 1 + —||, (62
l L3/2g0 8o L ( )
L+2z'\" L+z
d;" = i L1 , (63
U g2 Skl ) 63
for a divergent linear medium; and
) (gOLz) o 1 1 o 1 1
L + L + z')sin sin| gL - cos| goL -
( ) 2")si L+ z 1 &o L+z L+z/ 8o L+z L+z
fp = . [&dlz J 1 1 , [ &Lz J 1 1 (64)
L i L - + L(L + i L -
80 COSL-i-szg0 L+z L+z/ ( ?) s1nL+zcosg0 L+z L+z/
(L + 2)%(L + z") goLz 1
b= 3 an cos| goL? - (65)
L°g, L+z L+z L+2z
L+ 2z ) 1 1
d, = sin| gL - , (66
e L il e R
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tude is placed in front of the wave front. We can observe
the shift of the diffractive orders as the wave front moves
from the Fourier transform plane. Note that in a selfoc
medium, the order zero does not change its position,
whereas it changes for a linear divergent medium.

Finally, for free space, where g(z) — 0; ng = 1; H{(2)
— 2z, H(z') — z' — z; and Hy(z), Hy(z') — 1, the ob-
ject and image distances become, respectively, d = z and
d' = z' — z, which coincide with the classic results.®

7. CONCLUSIONS

A wave front that propagates in a GRIN medium was di-
vided into periodic zones by calculating the difference in
optical path between successive zones. We determined
the radii and the areas of those zones, finding that they
coincide for each zone when the wave front is situated at
a Fourier transform plane. Once this was done, we ob-
tained the disturbance produced by these zones sepa-
rately at a point on the optical axis, noticing that the con-
tributions of the zones were alternately positive and
negative. The fact that successive zones provoke contri-
butions to the total disturbance that tend to cancel each
other out implies that we would observe a huge increase
in the irradiance at a point if we eliminated all the even

Rivas-Moscoso et al.

or odd zones. This suggests and justifies the construction
of zone plates in GRIN media, which was discussed in
Section 6.
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