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Fractional Talbot effect in a tapered gradient-
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1. INTRODUCTION

The integer and fractional Talbot effect in a homogeneous
medium is well known in optics and has received wide
attention.® The integer Talbot effect has also been
studied in transverse quadratic-index media,®* and re-
cently authors have described the integer Talbot effect in
a tapered gradient-index (GRIN) medium for nonuniform
and uniform illumination.?

The purpose of this paper is to generalize the fractional
Talbot effect to a tapered GRIN medium when a periodic
object located at the input of the medium is illuminated
by a coherent uniform light beam as a logical continuation
of a previous paper.® The study will be restricted to the
one-dimensional transverse case, but extension of the
analysis to the two-dimensional case is straightforward.

2. FRACTIONAL TALBOT EFFECT

Let us consider a tapered GRIN medium characterized by
a transverse parabolic refractive index modulated by an
axial index and whose refractive index is given by

n*(x, 2) = no’[1 — g*(2)x”], (1)

where n( is the index at the z optical axis and g(z) the
taper function that describes the evolution of the trans-
verse index along the z axis.

We assume a one-dimensional periodic object of infinite
dimension located at the input of the GRIN medium and
whose transmission function will be represented as
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where p is the spatial period and a,, is the amplitude of
the mth harmonic.

When the hybrid optical structure formed by the peri-
odic object and the tapered GRIN medium is illuminated
by a coherent uniform beam [Fig. 1(a)], the complex am-
plitude distribution on the periodic object located at z
= 0 can be written as

P(xg) = T(x0)ho(x0), (3)
where
1 ( . X () )
o(xg) = EGXP lv 4)

is the complex amplitude distribution due to a cylindrical
wave front of wavelength \ and d is the radius of curva-
ture of the wave front.

The complex amplitude distribution ¢(x; z) in the ta-
pered GRIN medium at z > 0 is given by the integral
equation®

P(x; z) = J H(x0)K(x, x93 z)dxo, ®)

where K is the one-dimensional optical propagator of this
medium expressed as

1/2
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K(x, x5 2) = NH.(z)
1
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X exp(ikngz)exp 12H1(z)[x 1(2)
+ x02H2(2) - 2xx0]], (6)
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Fig. 1. Geometry for the evaluation of (a) the complex ampli-
tude distribution in a tapered GRIN medium due to a periodic
object located at z = 0 and illuminated by a cylindrical uniform
beam and (b) the equivalent optical system for the fractional Tal-
bot effect under divergent uniform illumination.

where H,, Hy, and H 1, H2 are the position and the
slope, respectively, of the axial and field rays at z and the
dot is the derivative with respect to z.

Substituting Eqgs. (3) and (4) into Eq. (5) and integrat-
ing, we have
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b(x; z) =

2mmx
pF@)
NH (z)
nop*F(z)

X exp| — imm , (7

where

()
H(z)

nod

() ()
F(z) = Hy(2) +

8

The second-term exponential of the summation in Eq.
(7) is of basic importance to self-imaging. Periodic rep-
etition along the optical z axis of lateral complex ampli-
tude distribution occurs for the Talbot condition given by
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where « and g are integers and S/« is referred to as the
self-image number. In particular, the fractional Talbot
effect is obtained for @ and B co-prime integers, that is, for
Bla fractional numbers.

Equation (9), which determines the fractional Talbot
condition for a tapered GRIN medium, may also be ex-
pressed as

,[S'p2 1 1

m =g 2237, (10)
where
Zpa = Flzgo)d = d + zg,, (11a)
do? = M (11b)
0Zp/a
Zpia = [F(zg0) — 11d. (11c)

Therefore the fractional Talbot effect can be considered
the equivalent effect of an apparent lens of multifocal
length £/, = ()\doza)/(pz,B) situated at the linear source
that illuminates a periodic object, as shown in Fig. 1(b),
and whose lateral magnification is written as

2,23/&
M(zp4) = e F(zpg,). (12)

The fractional self-image distances correspond to the
length z 4/, of a tapered GRIN medium for which the input
complex amplitude distribution is periodically repeated
along the z axis. The axial localization of fractional self-
images can be obtained from the fractional Talbot condi-
tion, if we take into account that H, and H, are given by

Hi(z) = [g08(2)] "sin jg(z’)dz’ ) (13)
0
g0 12 ,
Hy(z) = —} cos fg(z’)dz’ , (14)
g(z) 0

where g is the value of g(z) at z = 0.
Substituting Eqgs. (13) and (14) into Eq. (9), we find that
axial localization of fractional self-images is given by

fzﬁ/a (edz’ =t 1( ﬂogodp2/3) (15)
= tan ! ————|.
, 8(zhdz a Nda — 275

Figure 2 shows the axial position of self-images versus

self-image number for a tapered GRIN medium with a di-
vergent linear taper function given by

8o

E— 16
1 - z/L (16)

g(z) =

where L is the distance from z = 0 to the common apex of
the equi-index lines of the refractive-index profile.
The axial location of self-images is given by

1 1( no8odp”B

—tan" | ————
8o da\ — p°B

zﬁ,a—L[exp - 1]. a7
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Fig. 2. Axial position of self-images versus self-image num-
ber for a tapered GRIN medium with a divergent linear
taper function. Calculations have been made for n, = 1.5,
go = 0.0lmm?, p =9um, X\ =07um, L = 1mm, d
= 15mm, and « = 3.

Figure 2 indicates that the interval between consecu-
tive fractional self-images increases with B/a. For B/«
= 3/3,6/3, 9/3, and 12/3, the first four integer self-images
are obtained.

Finally, if the periodic object is illuminated by a Gauss-
ian beam (nonuniform illumination), the fractional Talbot
condition, given by Eq. (9), becomes

A Re[Fg(ZB/Q)]H1(25/a) B

= -, (18)
nop?|F8(zg,)|? a!
where
U(O)Hl(zﬁla)
Fi(eg,) = ————— + Hylzgo),  (19)
0

U(0) is the complex curvature of the Gaussian beam at
z = 0, and Re[F'#(zg,)] is the real part of F¢(zg,).

3. UNIT CELL

To explain the above results, we consider an input object
of period p, consisting of a Dirac comb with the transmis-
sion function given by

+oo

To(x)) = 2 8(xo — mp)

1= 2mmxg
=— > expl —i , (20)
P m=-= p

where &is the Dirac delta function.

Inserting Eq. (20) into Eq. (3), we find that the complex
amplitude distribution at fractional Talbot distances be-
comes
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¢c(x; Zﬁ/n)
1 (k ) .knoF(ZB/a) 2:|
= ————exp(iknozg,)exp|i————«x
pNAF(z4,) g’ 2F (2 14)
= 2mmx m?
X E exp| —i ———|exp| —i , (21
m=—» pF(ZB/a) a

where Eqgs. (5) and (8) have been used.
After a long but straightforward calculation, Eq. (21)
can be rewritten as?

¢c(x; Z,B/a)
Flzpa)|? knoF(zg.)
= exp(iknozp,)exXp| i —————X
ad 2F (z )
+o0
mpF(Z /a)
x 3 slx - ——LA(m; @, B), (22)
where
x' =x+ 5pF(zgales, (23)

with ez = 0(1) if B is even (odd) and A denoting pure
phase factors given by (see Appendix A)

m + ?) - ,832”.

(24)

1 - T
A(m; a, B) = 721 exp[i;
a s=

2s

From Eq. (22) it follows that the summation at zg,
may be regarded as a replica of the input Dirac comb,
with spacing pF(z g,)/ a, weighted by the phase factors A,
since

mpF(zB/a)
—|A(m; a, B)

a

, on(ZB/a)
x - —2"
a

A(n; a, B). (25)

Then the fractional Talbot image reproduces periodically
a unit cell of period pF(zg4,) containing « weighted im-
ages of the unit cell of the original Dirac comb and irra-
diance proportional to |F(zg,)|/ad. If Bis even, the Tal-
bot image is centered at x = 0, and if B is odd, the Talbot
image is laterally shifted and centered at «x
= —[pF(zg,)]/2.

After that, we can return to the general periodic object.
The transmission function, given by Eq. (2), is also ex-
pressed as

T(xo) = f t(n) 2 8(n = xo + mp)dy
= X txo - mp), (26)
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where ¢ is the transmission function in the unit cell of the
periodic object.

Substituting Eq. (26) into Eq. (5), we find that the com-
plex amplitude distribution in the tapered GRIN medium
is given by

+oo ) . nF(z)
P(x; z) = f t(n)exp) iknoF(z) | x — 2
X ¢c['x - ﬂF(Z), Z]dna (27)
where
belx; 2) = f, K(x, x¢; 2)o(x9) Z d(xg — mp)dxy.

(28)

Equation (27) at fractional Talbot distances reduces to

1 1/2
5 W = | Lk o
P(x Zp/ ) adF(ZB/a) exp(i nozp/ )
knoF(zg,)
X exp|i O—B/xz}
2F(ZB/01)

% E [ _ mpF(ZB/u) ]
m=-% F(zﬁ/a) o
X A(m; a, B), (29)

where Eq. (22) has been used.

Equation (29) is the central result of the present analy-
sis. From a comparison of this equation and Eq. (22), it
follows that at 24/, each unit cell of a Talbot image of ir-
radiance 1/ad|F(zg,)| consists of a weighted images of
the unit cell of the original periodic object with scaling
factor pF(zg,)/a. When Bis even, the fractional Talbot
image of period pF(zg4,) is centered with respect to the
object, and when B is odd, the image presents a trans-
verse shift. Likewise, the period of fractional self-images
carries information about the transverse magnification of
the periodic object due to uniform illumination, given by
F(zg,), which coincides with Eq. (12).

For a = 1, where B/a is an integer and A(m; 1, B)
= 1, Eq. (29) becomes

1/2

exp(iknzg)exp| i

knoF(Zﬂ) 2:|
— X
2F (2 )

+oo
X 2 a,, exp| —1

m=-—ow

2mmx’
pF(zp) ’

and integers Talbot images are obtained.?

(30)

4. CONCLUSIONS

A generalization of the fractional Talbot effect to a ta-
pered GRIN medium has been considered. At distances
2p/a > €ach unit cell of a fractional Talbot image consists of
a weighted images of the unit cell of the original periodic
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object. For B even, fractional Talbot images are centered
with respect to the original object, and for 8 odd, images
present transverse shifts.

APPENDIX A

We wish to prove that A is a pure phase factor. We must
show that

|A(m; a, B)| = 1. (A1)
From Eq. (24) we have
1 ¢ “ aeB
A(m; a, B)I? = =2, 2 exp z— 2(s — t)| m + —-
ag=1 i-1 2
— B(s —t)(s + t) ] (A2)
Under the change of variable
u=s-—t, (A3)
Eq. (A2) becomes
“ ae
|A(m; a, ,8)|2:—2 2 exp[L— 2u m+7ﬁ
s=1 u=s—a
- B(2s —u)u ] (A4)
This equation can be rewritten as
a—1
1 T ae
[A(m; a, B)|? ——2 exp(z— 2ulm+—- + Bu? )
—0 « 2
2mBus
X 2 exp{ -1 } (A5)
where the following relationship has been used:
o aeB
expii—|2ulm + —| — B(2s — u)u
a 2
_ LT 9 n n aeﬁ
= exp|i— (u + a)|m 5
- B2s —u — a)(u + «a) } (A6)
A second summation into Eq. (A5) is given by
“ 27 Bus
> exp{ —i = ad,,, (A7)
s=1
where §,, is the Kronecker delta.
Then Eq. (A5) reduces to
|A(m; a, B
]'jé 2ulm + L) + pu?|as,, = 1
;: xpz—um 5 pu“|iad,, = 1.
(A8)

Thus A is a pure phase factor.
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