Integral Equation Methods for Scattering by
One-Dimensional Rough Surfaces*

T. Arens, S. N. Chandler-Wilde and A. Meier

Department of Mathematical Sciences, Brunel University, Uxbridge, UB8
3PH, UK

Abstract. We consider the Dirichlet oundary value pro lem for the Helmholtz equation in a
non-locally pertur ed half-plane which arises in a study of time harmonic acoustic scattering of an
incident field y a sound-soft, infinite rough surface where the total field vanishes. We propose a
second kind oundary integral equation formulation of this pro lem, the novel feature of which is
that it uses a half-plane Green’s function in place of the standard free-field fundamental solution.
This has the advantage that the integral equation is well posed in the space of ounded continuous
functions and in the L? spaces, p € [1, 0], and that results can e o tained on convergence of the
finite section method (truncating the range of integration) and on convergence of a anded matrix
iteration algorithm. Numerical results suggest the theoretically predicted advantages are seen in
practice.

1. Introduction. We consider the two-dimensional Dirichlet boundary value problem for
the Helmholtz equation Au + k?u = 0 in a non-locally perturbed half-plane. This problem
arises in a study of time-harmonic acoustic scattering of an incident field by a sound-soft, in-
finite rough surface where the total field vanishes; the same problem models two-dimensional
electromagnetic scattering by a perfectly conducting, infinite, rough surface in one of the
polarization cases (see e.g. Petit [22], DeSanto and Brown [8]).

The problem of scattering of waves from rough surfaces has been of interest to physicists,
engineers, and applied mathematicians for many years because of its large number of appli-
cations in optics, acoustics, radiowave propagation, and radar techniques. It is important,
for example, in the study of thin coatings in optics and, at a very different wavelength scale,
in the propagation of radar or radio waves over the surface of the sea or irregular terrain.

A variety of approximate and numerical techniques are employed to compute solutions
to rough surface scattering problems (Ogilvy [21], Voronovich [27]). Particularly popular to
calculate accurate solutions, capturing all the multiple reflections which can take place, are
boundary integral equation methods (see e.g. [9,12,14,15,20,26, 28]).

It is usual to assume that the standard boundary integral equation formulations for
problems of scattering by bounded obstacles remain valid when the boundary is unbounded.
For example, a first kind integral equation for scattering by bounded obstacles on which the
total field vanishes, derived from Green’s representation theorem, is used in the simulations
in Tsang et al. [26]. This formulation is that
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where T is the unbounded rough surface, D is the (unbounded) region of propagation above
T, and u! and u' are the incident field and total field, both solutions of the Helmholtz equation
in D. In this equation, and subsequently, n(y) is the unit normal at y, directed into D, and
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®(z,y) is the standard free space Green’s function, defined by ®(z,y) := iH[gl)(kkr -y,
where H[gl) is the Hankel function of the first kind of order zero. Since u* vanishes on T, (1)
is a first kind integral equation for the unknown du'/dn on I'. In practice (e.g. in Tsang
et al. [26]), T is truncated to a finite region (or arc in 2D) and then a boundary element
method is applied.

From the mathematician’s point of view, the above procedure is open to criticism. It is
not clear that Green’s representation theorem still applies to derive the integral equation
if the boundary is unbounded (especially for an incident plane wave — but see DeSanto
and Martin [10] for partial results in this direction). Further, it is not clear if the integral
equation is well-posed, in particular whether it is uniquely solvable: this is even less clear
once a truncation has taken place.

There are also interesting questions to ask about the performance of numerical algo-
rithms. If, in the 2D case we consider in this paper (so that the surface is one-dimensional),
we apply a discretisation with step-size h, and our truncated arc has length 24, do our nu-
merical algorithms remain stable in the limit that h — 0 and A — c0? (Both limits will be
necessary to obtain accurate results.) As A increases, do we have to decrease h to maintain
the same discretisation error, or can we achieve a desired level of discretisation error with A
fixed (e.g. as 1/10th wavelength), independently of A?

Finally, the limits h — 0 and A — oo lead to large dense systems of equations to solve. In
the above cited papers much attention is applied to developing effective matrix compression
and iterative schemes. It is well known that, for wave scattering problems, where the kernel
of the integral operator is oscillatory, it is a challenging problem to develop and analyse such
schemes.

In this paper we survey recent work at Brunel addressing some of the above questions.
We propose, specifically for the two-dimensional Dirichlet problem, a precise mathemati-
cal formulation as a boundary value problem, an integral equation formulation which we
show to be equivalent, and discuss briefly effective numerical schemes, deriving inspiration
in particular from the paper by Tsang et al cited above. A key idea, which is crucial to
all the analysis, is that we propose to use, in place of the free space Green’s function, the
Dirichlet Green’s function for the upper half-plane as our fundamental solution. This decays
much faster as |z — y| — oo with z,y € T', and has the effect that the integral operators
become bounded (though not compact): in contrast the corresponding integral operators
using the standard free space Green’s function are not bounded on any standard function
space. This more rapid decay also makes the integral operators more diagonal and this has
computational advantages as we see in the numerical results.

2. The boundary value problem and integral equation formulation. Let C'!(R) de-
note the Holder space C11(R) = {6 € CL(R)] [|¢llc1 (v) = [6]|oo10/oot5UDy ez ppr 19/ (5)
@' (t)]/|s —t| < oo}. Given f € CHY(R) with f_ := inf, er f(z1) > 0, define D := {x =
(z1,22) € R2 |29 > f(z1)} and let T := {(x1, f(21))|z1 € R} denote the boundary of D. We
consider the problem of scattering of a time harmonic wave u', a solution of the Helmholtz
equation Au' + k%u! = 0 in D, incident on the infinite boundary I'. We assume that k& > 0
and restrict our attention to the case when the total field vanishes on the boundary, so that
the scattered field u, also a solution of the Helmholtz equation in D, satisfies the Dirichlet
boundary condition v = —u' on I'. In order for the problem to have a unique solution, the
scattered field u is required to satisfy the so-called upward propagating radiation condition
proposed in [2] and [4]: that, for some h > f :=sup,,cp f(#1) and ¢ € Lo (L),

utw) =2 [ D g)isty), w e U @)
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In this equation and hereafter, for h € R, T, := {z € R?|zy = h} and U}, := {z € R?|z2 >
hY.



Let BC(T') denote the set of functions bounded and continuous on I', a Banach space
under the norm || - ||oo,r defined by ||¢]|oo,r := Sup,er [#(z)|. Assuming that g := —ul|p €
B(C(T), the case for the usual incident fields of interest including the incident plane wave,
the above scattering problem can be formulated as the following boundary value problem
for the scattered field w.

Problem (P): Given g € BCO(T'), determine u € C?(D) N C(D) such that: (i) u is a solution
of the Helmholtz equation Au + k*u = 0 in D; (ii) v = ¢ on T} (iii) for some 3 € R,
sup x§|u(a:)| < 00; (iv) u satisfies the upward propagating radiation condition (2).

z€eD

It is shown in [5] that this boundary value _problem has exactly one solution.

Let G(Z’,y) = (I>(1',y) - (I>(1',y’) for T,y € UO: T 7é Y, where y= (ylyy2)> y’ = (yh _y2)'
Then G(z,y) is the Green’s function for the operator A + k? in the upper half-plane Uy
which satisfies the Dirichlet boundary condition

G(Z’,y):o, mEFO) yeﬁo: $7éy (3)

It was proposed in [16] and in [29], to seek a solution to Problem (P) in the form of the
combined double- and single-layer potential

ue) = [ (2580 inGa,)) w)istr), o € D, @
for some ¢ € BC(T'), where the coupling parameter 7 is chosen such that $(nk) > 0. (This
echoes the standard combined layer potential approach (with ®(z,y) as the fundamental
solution) in the bounded obstacle case — see [7].) The combined layer potential in (4) exists
for all ¢» € BC(T') in view of the rapid decay of G(z,y) as |x; —yi| = oo with z2,y> = O(1),
expressed in the bound

G (z,y)l, [VyG(w,y)| < C(L+z2)(1+y2)|z —y| ™%, @,y €T,z #v, (5)
where the constant C' > 0 depends only on k.

Theorem 1 [29] The double-layer potential (4) satisfies Problem (P), with 3 = —1/2,
provided 1p € BC(T) satisfies the boundary integral equation

o) =2 [ (<258 i) ) )ds(o) + 20(0), €T ©)
Defining 1, § € BC(R) by
D)= 0l S, 5(5) = (s, f(8), sER )

and parametrizing the integral in (6) in the obvious way we obtain the following integral
equation problem: find ¢ € BC(R) such that
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where x = (s, f(s)), y = (¢, f(¢)). Define the kernel k; by

k(5,0) = =2 (Pt —inGla,) ) VIT IO, st e s £t )
with = (s, f(s)), y = (¢, f(¢)), and define the integral operator K¢ by
+0o0
Kpo(s) = [ kylstoa, se R (10)



where the subscript f indicates the dependence on the boundary. Then the integral equation
(8) can be written in operator form as

(I - Kp)i = 25. (11)

That (11) has at most one solution follows from the uniqueness result for the original bound-
ary value problem and from a uniqueness result for an interior problem in the waveguide
region Up\ D, with homogeneous impedance and Dirichlet boundary conditions on 8D and
OUy, respectively — see [29] and cf. [5].

For some ¢;, ¢ > 0 let B be defined by

B:={f e C "' (R)|f(s) >c1, s € Rand ||f||crir) < c2}.

Then, since (11) has at most one solution for every f € B, the following existence and
uniqueness result [29] for the (equivalent) integral equations (6) and (8) follows from Theo-
rem A.l in the Appendix.

Theorem 2 Suppose that R(nk) > 0. Then, for all f € B, the operator I — Ky : BC(R) —
BC(R) is bijective (and so boundedly invertible) with

sup [|(I — Ky) ™| po®)—»Bo®) < oo (12)
feB

Thus the integral equation (8) has exactly one solution for every f € B and g € BC(T),
with ~
1¥]lee < Clldllo

for some constant C > 0 depending only on B and k.

Using recent results summarised in the appendix, solvability of (6) and (8) can also be
established in LP spaces. Combining Theorem 2 and Theorem A.2 we obtain

Theorem 3 For all f € B the integral operator I — Ky : LP(R) — LP(R), p € [1,00], is
bijective, with
sup (1 = K1) e, () 1,() < 00

1<p<+oo

3. The Finite Section Method. To solve equation (11) numerically we first apply a finite
section method, truncating the range of integration. The integral equation to solve becomes

(I - Kot =23, (13)
for some A > 0, where
A
K{g(s) = / ki(s,t) p(t)dt, se€R (14)
—A

To proceed with the analysis we make the following assumption that the uniform bound
in Theorem 2 extends also to the finite section operator (14). Of course this assumption
implies that (13) is solvable and that the finite section method is stable, i.e. [|1?]|. = O(1)
as A — oo.

Assumption 1 For some Ay > 0,1 — K}“ : BC(R) — BC(R) is bijective for all A >
Ao, f € B and

sup [|(7 = K/)1]| < 0.

7B
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From standard results on the finite section method for convolution operators, Assumption 1
holds in the special case when the boundary is flat (¢; = ¢3). Since (cf [3]) ||KfA - K;‘H -0
as [|f — gllcr1@w)y — 0, uniformly for f, g € B, A > 0, it follows by operator perturbation
arguments that Assumption 1 also holds for all sufficiently small ¢2 > ¢;, so that the finite
section method is well-defined and stable at least for rough surfaces of sufficiently small
slope. In the general case of rough surfaces of arbitrary surface amplitude and slope, it
is not clear that Assumption 1 necessarily holds. However we can prove the stability of a
modified finite section method in which the boundary f is flattened in finite neighborhoods
of +A — see [19] (in this proceedings) for details.

If Assumption 1 holds it follows [19] that ¢)*(s) — t(s), uniformly on finite intervals, and
hence that v (z) — w(x) uniformly on bounded subsets of D, where u is the approximation
given by the right hand side of (4) with ¢ replaced by YA, defined by v4((s, f(s))) =
PA(s), |s| < A, =0, |s| > A.

In [6] a related approximation procedure is considered, in which the rough surface is
approximated by a periodic surface (diffraction grating) of period 2A. For this procedure
stability follows automatically from Theorem 2 and convergence is shown in [6].

Inspired by the banded matriz iterative algorithm for the integral equation (1) in [26],
we will solve equation (13) iteratively, approximating K]‘? by K?’A*, for some A* € (0,2A4],
where

K o(s) = / kp(s,t) o(t)dt, s €R (15)
[—A,AlN[s— A%, s+ A%]

The iterative scheme, in operator form, is

PO = (1= K TH K = K)ot +25), m=0,1,2,..., (16)

with (©) = 2(I — K?’A*)_lg. The following theorem follows easily from the bound (5).
Theorem 1 For all A >0 and 0 < A* < 24,

IKf - K| < oA s,
for every f € B, where the constant C > 0 only depends on B and k.

Combining Theorem 1 with standard operator perturbation arguments we obtain con-
vergence of the iterative scheme, uniformly in A, for all sufficiently large A*.

Corollary 2 If Assumption 1 holds then, for some C, ¢, Aj > 0 dependent only on B and
k and all A* > Af,

194 =5l < e(CATT, m=0,1,2,....

4. Numerical Solution and Results. Meier et al. [18] propose a Nystrém method for
approximation of the integral operator Ky, which approximates K¢ by a sum over values
of ¢ on the uniform grid {jh|j € Z} where h > 0 is the step-length. This method is
superalgebraically convergent if the boundary is smooth, i.e. the error is O(h™) as h — 0
for every n > 0. We apply this Nystrom method to approximate K}“ and K?’A*. Further,
to reduce storage and computation time, we apply a matrix compression suggested by the
canonical grid method of Tsang et al. [26], approximating the discretised operator K }4 —

K }4 AT by a sum of products of diagonal and Toeplitz matrices, so that a matrix-vector
multiply can be carried out, using the FFT, in O(N log N) operations where N = A/h so
that 2N + 1 is the number of unknowns. For details see [17].

We finish the paper by showing some numerical results. The first is for the (very simple)
test case of scattering of an incident cylindrical wave u'(z) := ®(z, zg), with 29 € D, by a



completely flat surface. We take f(s) = 1 so that the scattered field is u(z) = —®(z, z7),
where xj is the image of o in the straight line I'. The wavelength, A = 27 /k = 1. Figure
1 plots the error in the computation of u(z) on the line zo = 2 when 9 is approximated in
the layer potential representation (4) by ¢epproz, where

buprn(s 1) = { JHO0 TS

and 1/;;? denotes the Nystrom method approximation to 1/;‘4. The lower curve in Figure 1
are the errors for the numerical scheme which has just been described. The upper curve
(with significantly greater errors) is obtained if the identical method is used but with the
half-space Dirichlet Green’s function G(z,y) replaced by the standard free space Green’s
function ®(z,y). For both computations h = 0.1\, A*/X = 3 and A = 40\ and the iteration
(16) is continued until the residual ||s)(™) — K;‘@/Nj(m) — 27|l < 1071?]|2g||co- Not only does
use of the half-pane Dirichlet Green’s function produce more accurate predictions than the
free field Green’s function but also, in the iterative scheme (16), far fewer iterations are
required (26 for G(x,y) compared to 107 for ®(z,y)).

Figure 1: Error in computed scattered field on the line zo = 2 for a flat scattering surface.
Upper curve: free field Green’s function; lower curve: Dirichlet half-plane Green’s function.
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Table 1: Maximum errors in computed far field pattern for a sinusoidal surface profile.

Dirichlet Green’s Function

Free Space Green’s function

0.62

A/X || Max. Error, EOC No. of Max. Error, EOC No. of
ea Iterations ea Iterations
10 0.0168 13 0.0171 17
0.55 0.50
20 0.0115 16 0.0121 30




also possible to obtain stability and convergence results for the effect of truncation of the
infinite boundary surface and to prove convergence for a banded matrix iterative algorithm,
similar to that of Tsang et al. 1995.

Numerical results suggest a reduction in errors introduced due to the truncation of the
boundary, for the integral equation using the half-plane Green’s function G(z,y). They also
confirm the theoretically predicted convergence of the banded matrix iterative algorithm,
uniformly with respect to the length 2A of the finite truncated boundary arc, when the
Green’s function G(z,y) is used.

Appendix: Solvability results for a class of integral equations on the real line.
For k € L'(R), A\ € BC(R?), where R> = {z = (s,t) € R?> : s # 0}, consider the integral
operator K defined by

o0
Ky¢(s) := / k(s —t) Ms — t,t) ¢(t) dt, seR (19)
—00
Ky maps L*(R) into BC(R), and also, by Young’s theorem, LP(R) into LP(R) for all
p € [1,00).
Considering K as an operator on LP(R), p € [1, 00), the corresponding dual operator in
LI(R) = (IP(R)" (1/p+1/g = 1) is given by

oo

(2)0() = By(s) i= [ (s = )35 ~ 1) 6(0) (20)
where &(s) := k(—s) and A(s,t) := M(—s, s + t). Conversely, Ky = (I~(;\)* for g € [1,00).

For (A\,) C BC(R?) and X\ € BC(R?), we say that \, is s-convergent to X and write
A, == Xif sup,, [Anllze®2)y < oo and A, (x) — A(z) uniformly on every compact subset of
R2. We will also call a set A C BC(]RZ) s-sequentially compact if every sequence (A,) C A
has a subsequence that is s-convergent to some A € A. Further, introduce the translation
operator T2, defined on BC(R?) by

TP (s, t) = A(s, t —a), (s,t) e R®,a € R

The following theorem, proved in [23] and, as a corollary of a more general result in [6], then
yields conditions for the invertibility of the integral operators I — K and I — K3.

Theorem A.1 Assume that A C BC(R?) is s-sequentially compact and satisfies that T,£2)(A)
A for some a € R with a # 0, and that I — K is injective on BC(R) for all \ € A. Then
(I — Ky)™! erists as an operator on the range space (I — K,)(BC(R)) for all A € A and

sup [|(I = K)) 7'l se@)—Bom) < -
AEA

Moreover, if for every X € A there exists a sequence (M,) C A such that X\, — X and
I — K, is bijective on BC(R), then also I — Ky is bijective for each A € A.

Assume now that for some set A satisfying the assumptions of the previous theorem, we
know that I — K is injective on BC(R) for all A € A. Then, by the previous theorem we
conclude that I — K is in fact bijective. In the following we will assume additionally that,
for some q > 1,

k(s) = O(s|™7) as s — o0o.

Then [1] K is also well defined as a bounded operator on the weighted space

Yy :={¢ € BCR) : [|9ly, := sup [(1+[s)?” ¢(s)| < o0},



for 0 < p < g. More significantly, it is shown in [11] that if I — K is bijective as an
operator on BC(R) then I — K is also bijective as an operator on Y, and that the norms
of the inverse operators are uniformly bounded for A € A. For p > 1, Y, C L}(R) and thus
(I — K»\)(L'(R)) D (I — K,)(Yp) =Y, which is dense in L' (R). By a duality argument, we
conclude that (I — Ky)* = I — Kj is injective on L™°(R), hence on BC(R), and thus, by a
second application of Theorem A.1, bijective for all A € A.

Since Ky, I~(;\ : L>®°(R) — BC(R) and are bounded, bijectivity of I — K and I — I~(;\ as
operators on Ly (R) (and boundedness of the inverse operators uniformly in \) is a simple
consequence of bijectivity on BC'(R). By applications of duality results, Theorems 4.12 and
4.14 in Rudin (1991), it follows that both operators are bijective as operators on L!(R).
Uniform boundedness of the inverse operators on L;(R) is also seen to hold. Thus, the
following theorem follows by an application of the theorem of Riesz-Thorin (Stein and Weiss
1971, Chapter V):

Theorem A.2 Assume that the assumptions of Theorem A.1 are satisfied. Then, for any
p € [1,00], the operators I — K are bijective on LP(R) for all X € A and

sup [[(1 = Kx) ™ llze (@) po(r) < 00
pEA[ijt\w]
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