
Demostración automá0ca de teoremas geométricos 
con GeoGebra

Tomas Recio
h9p://www.recio.tk

Universidad Antonio de Nebrija 

EACA Tapas Seminar on Computer Algebra
6 de Mayo 2021

http://www.recio.tk/
https://www.usc.es/regaca/eaca_tapas/


Some Tapas of Computer Algebra. Eds: Arjeh M. Cohen, Hans Cuypers, Hans 
Sterk
Algorithms and Computa@on in Mathema@cs, Vol 4, 1999. Springer-Verlag.
h"ps://www.springer.com/gp/book/9783540634805#aboutBook

Taormina, 1998

https://www.springer.com/series/3339
https://www.springer.com/gp/book/9783540634805


• Front Ma)erPages I-XIV  Gröbner Bases, an Introduc:on, Arjeh M. Cohen
• Symbolic Recipes for Polynomial System Solving, Laureano Gonzalez-Vega, Fabrice Rouillier, Marie-Françoise Roy
• LaLce Reduc:on Frits Beukers
• Factorisa:on of Polynomials Frits Beukers
• Computa:ons in Associa:ve and Lie Algebras Gábor Ivanyos, Lajos Rónyai
• Symbolic Recipes for Real Solu:ons Laureano Gonzalez-Vega, Fabrice Rouillier, Marie-Françoise Roy, Guadalupe 

Trujillo
• Gröbner Bases and Integer Programming Günter M. Ziegler
• Working with Finite Groups Hans Cuypers, Leonard H. Soicher, Hans Sterk
• Symbolic Analysis of Differen:al Equa:ons Marius van der Put
• Gröbner Bases for Codes Mario de Boer, Ruud Pellikaan
• Gröbner Bases for Decoding Mario de Boer, Ruud Pellikaan
• Automa:c Geometry Theorem Proving Tomas Recio, Hans Sterk, M. Pilar Vélez
• The Birkhoff Interpola:on Problem Maria-Jose Gonzalez-Lopez, Laureano Gonzalez-Vega
• The Inverse Kinema:cs Problem in Robo:cs Maria-Jose Gonzalez-Lopez, Laureano Gonzalez-Vega
• Quaternion Algebras Gábor Ivanyos, Lajos Rónyai
• Explora:ons with the Icosahedral Group Arjeh M. Cohen, Hans Cuypers, Remko Riebeek
• The Small Mathieu Groups Hans Cuypers, Leonard H. Soicher, Hans Sterk
• The Golay Codes Mario de Boer, Ruud Pellikaan

https://link.springer.com/chapter/10.1007/978-3-662-03891-8_1
https://link.springer.com/chapter/10.1007/978-3-662-03891-8_2
https://link.springer.com/chapter/10.1007/978-3-662-03891-8_3
https://link.springer.com/chapter/10.1007/978-3-662-03891-8_4
https://link.springer.com/chapter/10.1007/978-3-662-03891-8_5
https://link.springer.com/chapter/10.1007/978-3-662-03891-8_6
https://link.springer.com/chapter/10.1007/978-3-662-03891-8_7
https://link.springer.com/chapter/10.1007/978-3-662-03891-8_8
https://link.springer.com/chapter/10.1007/978-3-662-03891-8_9
https://link.springer.com/chapter/10.1007/978-3-662-03891-8_10
https://link.springer.com/chapter/10.1007/978-3-662-03891-8_11
https://link.springer.com/chapter/10.1007/978-3-662-03891-8_12
https://link.springer.com/chapter/10.1007/978-3-662-03891-8_13
https://link.springer.com/chapter/10.1007/978-3-662-03891-8_14
https://link.springer.com/chapter/10.1007/978-3-662-03891-8_15
https://link.springer.com/chapter/10.1007/978-3-662-03891-8_16
https://link.springer.com/chapter/10.1007/978-3-662-03891-8_17
https://link.springer.com/chapter/10.1007/978-3-662-03891-8_18


M.P. Vélez Melón (U. Nebrija)
F. Botana (U. Vigo)
A. Montes (UPC)
M.A. Abánades (URJC)
Zoltán Kovács (The Private University College of EducaKon of the Diocese of Linz) 
C. Solyom-Gecse (JKU, Linz)
J. R. Sendra (UAH)
C. Villarino (UAH)
M. Ladra, P. Páez (U. SanKago)
R. Vajda (U. Szeged)

P. Richard (U. Montreal)                                               R. Losada, J.L. Valcarce, N. De Lucas…
B. Hauer, M. Hohenwarter, (JKU Linz) ,                      F. Etayo (UC), A. MarVnez-Sevilla (UGR)
C. Abar (PonKficia Universidade Sao Paulo)
S. Van Vaerenbergh (UC)
…….

MTM2017-88796-P
GeoGebra como EPO





Traducción algebraica. Variables libres, dimensión, componentes degeneradas

Refutación, eliminación no-libres hipótesis + negación tesis, 
no cero => añadir condiciones de no-degeneración, generalmente verdad

Eliminación no-libres hipótesis + tesis, no cero => añadir restricciones, generalmente falso

Test número finito de casos

Verdad parcial

Caso real (MEP…)

Condiciones de no-degeneración (comprehensivas, Rabinowitch), caso cero dimensional…
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Implementación, divulgación

Aplicación: Realidad Aumentada, Paseos 
Matemá:cos, Educación…
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Trabajo en curso…

AG: Geómetra mecánico, autómata
Relación /Compara / Descubre

Valoración de resultados: 
H-sencilla vs T-sencilla

H-sencilla vs T-compleja
H-compleja vs T-sencilla

H-compleja vs T-compleja
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• http://www.autgeo.online/geogebra-discovery/
GeoGebra 6 Discovery on-line

• http://www.autgeo.online/ag/automated-geometer.html?offline=1
Automated Geometer
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• eq1: 6789536996527975000000000000000000000000000000000x¹⁶ + 3119443893084439000000000000000000000000000000000x¹⁵ y - 144117972905215300000000000000000000000000000000000x¹⁵ + 
47059951913352050000000000000000000000000000000000x¹⁴ y² - 115886616718597600000000000000000000000000000000000x¹⁴ y + 1249320690668877700000000000000000000000000000000000x¹⁴ + 
20086836722444138000000000000000000000000000000000x¹³ y³ - 898030613987929300000000000000000000000000000000000x¹³ y² + 1390330919364264000000000000000000000000000000000000x¹³ y -
5383269256977287000000000000000000000000000000000000x¹³ + 141089330634374470000000000000000000000000000000000x¹² y⁴ - 669406076454972500000000000000000000000000000000000x¹² y³ + 
7246220321893674000000000000000000000000000000000000x¹² y² - 7740667880777698000000000000000000000000000000000000x¹² y + 9911747207396506000000000000000000000000000000000000x¹² + 
55012698579891600000000000000000000000000000000000x¹¹ y⁵ - 2377461103454052300000000000000000000000000000000000x¹¹ y⁴ + 7115911294796878000000000000000000000000000000000000x¹¹ y³ -
30748666260372003000000000000000000000000000000000000x¹¹ y² + 20399356956530064000000000000000000000000000000000000x¹¹ y + 5567817115101477000000000000000000000000000000000000x¹¹ + 
238491065431420500000000000000000000000000000000000x¹⁰ y⁶ - 1622681894237581400000000000000000000000000000000000x¹⁰ y⁵ + 17543366158422122000000000000000000000000000000000000x¹⁰ y⁴ -
36068389772830790000000000000000000000000000000000000x¹⁰ y³ + 66510829565884990000000000000000000000000000000000000x¹⁰ y² - 14673089909929755000000000000000000000000000000000000x¹⁰ y -
46868803420819330000000000000000000000000000000000000x¹⁰ + 82941478320751330000000000000000000000000000000000x⁹ y⁷ - 3460975359133859000000000000000000000000000000000000x⁹ y⁶ + 
14995326325129030000000000000000000000000000000000000x⁹ y⁵ - 70966128481978910000000000000000000000000000000000000x⁹ y⁴ + 94028392234202490000000000000000000000000000000000000x⁹ y³ -
39057914318683185000000000000000000000000000000000000x⁹ y² - 36854144484159060000000000000000000000000000000000000x⁹ y + 18946617672208996000000000000000000000000000000000000x⁹ + 
247946094851848700000000000000000000000000000000000x⁸ y⁸ - 2128349909514236000000000000000000000000000000000000x⁸ y⁷ + 22784580711197690000000000000000000000000000000000000x⁸ y⁶ -
67853662750040960000000000000000000000000000000000000x⁸ y⁵ + 161942921714213840000000000000000000000000000000000000x⁸ y⁴ - 107015524399349300000000000000000000000000000000000000x⁸ y³ -
112795594045119520000000000000000000000000000000000000x⁸ y² + 50916715079808550000000000000000000000000000000000000x⁸ y + 114498514600352950000000000000000000000000000000000000x⁸ + 
74195125675016650000000000000000000000000000000000x⁷ y⁹ - 2985773630070961000000000000000000000000000000000000x⁷ y⁸ + 16617378186072595000000000000000000000000000000000000x⁷ y⁷ -
84582290019839940000000000000000000000000000000000000x⁷ y⁶ + 168226389238534060000000000000000000000000000000000000x⁷ y⁵ - 181458542479844600000000000000000000000000000000000000x⁷ y⁴ -
19758952205967827000000000000000000000000000000000000x⁷ y³ + 170410412108849820000000000000000000000000000000000000x⁷ y² + 36501585137152076000000000000000000000000000000000000x⁷ y -
38764093043674717000000000000000000000000000000000000x⁷ + 161776092618924280000000000000000000000000000000000x⁶ y¹⁰ - 1618670639629663600000000000000000000000000000000000x⁶ y⁹ + 
16903021429835228000000000000000000000000000000000000x⁶ y⁸ - 64869544215773790000000000000000000000000000000000000x⁶ y⁷ + 188195601456704160000000000000000000000000000000000000x⁶ y⁶ -
224420476925860680000000000000000000000000000000000000x⁶ y⁵ + 10359587680251027000000000000000000000000000000000000x⁶ y⁴ + 135879478268486200000000000000000000000000000000000000x⁶ y³ + 
107963358751677700000000000000000000000000000000000000x⁶ y² - 26937684938468340000000000000000000000000000000000000x⁶ y - 207877308072579100000000000000000000000000000000000000x⁶ + 
39269263817569183000000000000000000000000000000000x⁵ y¹¹ - 1522097991140836500000000000000000000000000000000000x⁵ y¹⁰ + 10184325764948416000000000000000000000000000000000000x⁵ y⁹ -
54649335961373170000000000000000000000000000000000000x⁵ y⁸ + 144866531416211110000000000000000000000000000000000000x⁵ y⁷ - 248199007238209100000000000000000000000000000000000000x⁵ y⁶ + 
124394085488742800000000000000000000000000000000000000x⁵ y⁵ + 186053977164793080000000000000000000000000000000000000x⁵ y⁴ - 22844041748316096000000000000000000000000000000000000x⁵ y³ -
272552761146258570000000000000000000000000000000000000x⁵ y² - 4462673312123886500000000000000000000000000000000000x⁵ y - 56326844979361380000000000000000000000000000000000000x⁵ + 
64374357821878260000000000000000000000000000000000x⁴ y¹² - 705259208445350800000000000000000000000000000000000x⁴ y¹¹ + 6977671282182084000000000000000000000000000000000000x⁴ y¹⁰ -
32151014644986047000000000000000000000000000000000000x⁴ y⁹ + 108276954908834430000000000000000000000000000000000000x⁴ y⁸ - 194253288564516800000000000000000000000000000000000000x⁴ y⁷ + 
179426378321278980000000000000000000000000000000000000x⁴ y⁶ + 20287790563237602000000000000000000000000000000000000x⁴ y⁵ - 104314977390065970000000000000000000000000000000000000x⁴ y⁴ -
47083044615943590000000000000000000000000000000000000x⁴ y³ - 142410331199242500000000000000000000000000000000000000x⁴ y² - 46990818172605274000000000000000000000000000000000000x⁴ y + 
190423455759910730000000000000000000000000000000000000x⁴ + 11340484076709459000000000000000000000000000000000x³ y¹³ - 422828884925031400000000000000000000000000000000000x³ y¹² + 
3260251314396366500000000000000000000000000000000000x³ y¹¹ - 17972600031145853000000000000000000000000000000000000x³ y¹⁰ + 59185513875993480000000000000000000000000000000000000x³ y⁹ -
137160739825138400000000000000000000000000000000000000x³ y⁸ + 157660436092703120000000000000000000000000000000000000x³ y⁷ - 43488536482858947000000000000000000000000000000000000x³ y⁶ -
25491105323659700000000000000000000000000000000000000x³ y⁵ - 131340256066374800000000000000000000000000000000000000x³ y⁴ - 58198454055716450000000000000000000000000000000000000x³ y³ + 
286244028826245000000000000000000000000000000000000000x³ y² - 135962917904452320000000000000000000000000000000000000x³ y + 222104727746076700000000000000000000000000000000000000x³ + 
14182106422282237000000000000000000000000000000000x² y¹⁴ - 159726806570399930000000000000000000000000000000000x² y¹³ + 1399847424218532600000000000000000000000000000000000x² y¹² -
7210106063326817000000000000000000000000000000000000x² y¹¹ + 26808939109072606000000000000000000000000000000000000x² y¹⁰ - 65923559567690270000000000000000000000000000000000000x² y⁹ + 
113823165070905600000000000000000000000000000000000000x² y⁸ - 76632263354680690000000000000000000000000000000000000x² y⁷ - 40058546965774140000000000000000000000000000000000000x² y⁶ -
25800057410464060000000000000000000000000000000000000x² y⁵ + 175896825891071070000000000000000000000000000000000000x² y⁴ - 175925672010065040000000000000000000000000000000000000x² y³ + 
352953903802457550000000000000000000000000000000000000x² y² - 119639306959753860000000000000000000000000000000000000x² y + 109933907093211970000000000000000000000000000000000000x² + 
1370173363937503400000000000000000000000000000000x y¹⁵ - 49077627092635730000000000000000000000000000000000x y¹⁴ + 423557785824128200000000000000000000000000000000000x y¹³ -
2304822611028430000000000000000000000000000000000000x y¹² + 8906853482927100000000000000000000000000000000000000x y¹¹ - 25646358227312230000000000000000000000000000000000000x y¹⁰ + 
52888929218904390000000000000000000000000000000000000x y⁹ - 82612690841769260000000000000000000000000000000000000x y⁸ + 49253956310436810000000000000000000000000000000000000x y⁷ + 
37593696416612034000000000000000000000000000000000000x y⁶ - 91453786545563760000000000000000000000000000000000000x y⁵ + 219592576786527600000000000000000000000000000000000000x y⁴ -
141478487524595930000000000000000000000000000000000000x y³ + 151992248339576530000000000000000000000000000000000000x y² - 45146385684843110000000000000000000000000000000000000x y + 
27038326051790440000000000000000000000000000000000000x + 1309896081349673000000000000000000000000000000000y¹⁶ - 13950762741683095000000000000000000000000000000000y¹⁵ + 
87083387871313260000000000000000000000000000000000y¹⁴ - 402694776126686000000000000000000000000000000000000y¹³ + 1374696007464531200000000000000000000000000000000000y¹² -
3989791381958786000000000000000000000000000000000000y¹¹ + 9998638235249725000000000000000000000000000000000000y¹⁰ - 20995481431319127000000000000000000000000000000000000y⁹ + 
43568960944617160000000000000000000000000000000000000y⁸ - 56702437251036960000000000000000000000000000000000000y⁷ + 83455149429415060000000000000000000000000000000000000y⁶ -
67555563575763000000000000000000000000000000000000000y⁵ + 68363042530844100000000000000000000000000000000000000y⁴ - 35151956071570630000000000000000000000000000000000000y³ + 
24068060534565295000000000000000000000000000000000000y² - 6417112792435231000000000000000000000000000000000000y = -2718073223982372300000000000000000000000000000000000



• eq2: 88209y⁸ + 204228y¹⁰ + 236134y¹² + 204228y¹⁴ + 88209y¹⁶ -
962280y⁸ x - 2237112y¹⁰ x - 2237112y¹² x - 962280y¹⁴ x + 609444y⁶ x² + 
6281388y⁸ x² + 10694484y¹⁰ x² + 6689844y¹² x² + 962280y¹⁴ x² -
6018624y⁶ x³ - 26125848y⁸ x³ - 28362960y¹⁰ x³ - 8905464y¹² x³ + 
1485702y⁴ x⁴ + 30035016y⁶ x⁴ + 69737274y⁸ x⁴ + 42802020y¹⁰ x⁴ + 
4452732y¹² x⁴ - 13401936y⁴ x⁵ - 92158128y⁶ x⁵ - 118283976y⁸ x⁵ -
34344648y¹⁰ x⁵ + 1495908y² x⁶ + 56867832y⁴ x⁶ + 183225240y⁶ x⁶ + 
123219252y⁸ x⁶ + 11448216y¹⁰ x⁶ - 12597120y² x⁷ - 144481968y⁴ x⁷ -
236640096y⁶ x⁷ - 71821080y⁸ x⁷ + 531441x⁸ + 47790324y² x⁸ + 
235946682y⁴ x⁸ + 191561004y⁶ x⁸ + 17955270y⁸ x⁸ - 4251528x⁹ -
105973272y² x⁹ - 250455240y⁴ x⁹ - 88267320y⁶ x⁹ + 14880348x¹⁰ + 
149197140y² x¹⁰ + 167328828y⁴ x¹⁰ + 17653464y⁶ x¹⁰ - 29760696x¹¹ -
135733968y² x¹¹ - 63947880y⁴ x¹¹ + 37200870x¹² + 77551020y² x¹² + 
10657980y⁴ x¹² - 29760696x¹³ - 25351704y² x¹³ + 14880348x¹⁴ + 
3621672y² x¹⁴ - 4251528x¹⁵ + 531441x¹⁶ = 0



280067312748789736985963225604373352510564
033142263971832537392349415195652578325220
678822080410345331615448815562735192521704
455798784*x^72*(-1 + x)^72*(221709312*x^10 -
1108546560*x^9 + 5547202304*x^8 -
15537529856*x^7 + 23360155968*x^6 -
20355008960*x^5 + 10731606224*x^4 -
3448222560*x^3 + 658900764*x^2 - 70266636*x + 
3485889)^2*(4*x^2 + 23)^4*(4*x^2 - 8*x + 
27)^4*(2*x - 1)^12
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