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GeoaGebra

Dynamic Mathematics for Everyone

GEOGEBRA

THE GRAPHING CALCULATOR FOR FUNCTIONS, GEOMETRY,
ALGEBRA, CALCULUS, STATISTICS AND 3D MATH!

DYNAMIC MATHEMATICS FOR
LEARNING AND TEACHING
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24 Frele Objekte
I A (541,077
7 1(%) = sin{x)

21 Aphangige Otjeste
4 B=(541,084)
2 tx) = cos(x)
P k=084
Jty=084x-423

Modus: Bewegen
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Traduccion algebraica. Variables libres, dimension, componentes degeneradas

Refutacion, eliminacion no-libres hipotesis + negacion tesis,

no cero => afnadir condiciones de no-degeneracion, generalmente verdad

Eliminacion no-libres hipdtesis + tesis, no cero => anadir restricciones, generalmente falso

Test numero finito de casos

Verdad parcial

Caso real (MEP...)

Condiciones de no-degeneracién (comprehensivas, Rabinowitch), caso cero dimensional...
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Algebra X| ~ Graphics X]
A = (0.72, 1.8) LT ] alcy]

B = (5.78, 1.06)
C = (3.25,1.43)

-

® c:(x-3.25)> + (y - 1.43)*> = 6.54
® D = (2.66, 3.92)

® f:-2.12x + 1.94y = 1.96

® g:2.86x + 3.12y = 19.82

® h: -0.74x - 5.06y = -9.64

® i:5.06x - 0.74y = 10.54

® E=(231,1.57)

® j=237

® k=161

® =35

List I1: ProveDetails(ArePerpendicular(g, f))

<>

~Input: o
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» Algebra X/ = Graphics X
® A=(0.72,1.8) | A Cv

® B =(5.78, 1.06)

C = (3.25,1.43)

® c(x-3.2 5)2 + (y - 1.43)? = 6.54
® D = (2.66, 3.92)
‘. f: -2.12x + 1.94y = 1.96

® g:2.86x + 3.12y = 19.82
‘. h: -0.74x - 5.06y = -9.64

® i:5.06x - 0.74y = 10.54
‘l E=(2.31,1.57)

® j=237
‘- k=1.61
® =35

‘ 11 = {true, {“AreEqual[A,B]"}}
12 = {true, {“AreEqual[A,B]"}}

List 12: ProveDetails(j? = | k)

<

Input: | o
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» Algebra %] = Graphics

A = (0.72, 1.8) L alC~

B = (5.78, 1.06) i a q
C = (3.25,1.43) p
c(x-3.25)2%+(y-143)* =6

D = (2.66, 3.92)

f: -2.12x + 1.94y = 1.96 I

g: 2.86x + 3.12y = 19.82
h: -0.74x - 5.06y = -9.64
i: 5.06x - 0.74y = 10.54
E=(2.31,1.57) r
j=237

k=1.61

1=35 D ) e H G

11 = {true, {“AreEqual[A,B]"}} m S

12 = {true, {“AreEqual[A,B]"}} .

F = (10.72, 3.64) J
G = (13.58, 3.6) h
d:(x-13.58)* + (y-362=8 1 [0 K [
m: 0.04x + 2.86y = 10.84

| = (16.44, 3.56)

H = (10.72, 3.64) N\
J = (14.52, 6.3)

p: 2.74x + 1.92y = 51.89

n: -2.66x + 3.8y = -14.69 /
13 = {true, {“AreEqual[F,G]"}}

q: -2.86x + 0.04y = -41.28

K = (14.48, 3.59)

r=2.71

s = 3.76

t=1.96 OK
a undefined

14 ={}
‘Boolean Value a: Prove(r? s t) \ l

r? and s t are equal
(true on parts, false on parts)

Input:

L L
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Algebra ~ Graphics

A = (-1.54, 0.48) LT ] a[cY]

»
o

® B =(2.4,0.46)

® C=(1.52,4.02)

® f:0.02x + 3.94y = 1.¢
® g:-3.94x + 0.02y = -
® D = (1.5,0.46)

o
o

h = 3.56
i = 3.04
®j=09

11 = {false}

List I1: Prove;DetaiIs(h2 Zjj)

| Input:| LocusEquation(hA2==i*j, C)

a»
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Implementacion, divulgacion

Aplicacion: Realidad Aumentada, Paseos
Matematicos, Educacion...



GeoGebra

Dynamic Mathematics for Everyone

GEOGEBRA

THE GRAPHING CALCULATOR FOR FUNCTIONS, GEOMETRY,
ALGEBRA, CALCULUS, STATISTICS AND 3D MATH!
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24 Frele Objekte
9 Aw(8.41,0.77)
“ 10x) = sinjx) 2

24 Abhangige Otyeste
@ B={541,084)

@ tix) = cos(x)

@ k=064 v’

Jty=064x-423 I
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De Markus Hohenwarter a Todos 5:47

Past year: March 2020 - March 2021
pageviews: 435m (+88% prev year)
users: 77m (+49% prev year)

Continents: Americas 44%, Europe
35%, Asia 18%

Languages: Spanish 30%, Englisch
29%, German 7%, French 6%,
Chinese 5%, Italian 4%, Portugese
3%

GeoGebra Community

Top 10 Countries: USA 13%, Mexico Gathering, March 25, 2021
10%, Germany 6%, Colombia 5%, nitps://geogebra.zoom.us/rec/

play/y26WaWb4FIfDXg94MvQ3

ltaly 4%' France 4%' China 4%' Spain gEraAl7SkseD8E8g6sin7gV3ICx

4%, Argentina 3%, Brazil 3%

UNXBV5ah72l-
r3EzIiDXpQQ3b7aW402s8.qpSji
uB1vSI9J-jO
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* Botana, F.; Hohenwarter, M.; Janicic, J.; Kovacs, Z.; Petrovic, |.;R.T.;
Weitzhofer S.: Automated Theorem Proving in GeoGebra: Current
Achievements. Journal of Automated Reasoning, Volume 55, Issue 1, pp 39-
59, 2015.

* Kovacs, Z. and Parisse, B.: Giac and GeoGebra — improved Grobner basis
computations. In Jaime Gutierrez, Josef Schicho, and Martin Weimann,
editors, Computer Algebra and Polynomials, Lecture Notes in Computer
Science, pages 126—138. Springer, 2015.

 Abanades, M., Botana, F.; Kovacs, Z.; R.T. and Sélyom-Gecse C.:
Development of automatic reasoning tools in GeoGebra (Software Demo
Award at ISSAC 2016). ACM Communications in Computer Algebra. Volume
50 Issue 3, 85-88, September 2016



e Kovacs, Z., R.T., Vélez, M.P.: Using Automated Reasoning Tools in GeoGebra in the
Teaching and Learning of Proving in Geometry. International Journal of Technology
in Mathematic Education. Vol. 25, no. 2. pp. 33-50. 2018.

* R. T.; Richard, P.R.; Vélez, M.P.: Designing Tasks Supported by GeoGebra Automated
Reasoning Tools for the Development of Mathematical Skills. International Journal of
Technology in Mathematics Education, 2019, Vol 26, No 2, pp. 81-89

e Kovacs, Z.; R. T.; Richard, P.R.; Van Vaerenbergh S.; Vélez, M.P.: Towards an
Ecosystem for Computer-Supported Geometric Reasoning. International Journal of
Mathematical Education in Science and Technology. Nov. 2, 2020 (on-line).

 Hohenwarter, M., Kovacs, Z., R.T.:Using GeoGebra Automated Reasoning Tools to
explore geometric statements and conjectures. In Hanna, G., de Villiers, M., Reid, D.
(Eds.), Proof Technology in Mathematics Research and Teaching, Series:
Mathematics Education in the Digital Era, Vol. 14, 2019, p. 215-236. Springer-Cham
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Algebra x|~ Graphics

A = (-0.19, 1.64) | MERAA A
B = (5.61, 1.64)
C=(-0.02, 2.24)
D = (0.48, 2.89)
E = (0.54, 2.01)
F = (0.01, 1.5)

G = (-0.29, 2.83)
H = (0.83, 2.58)
I =(1.34,2.91)

J = (1.06, 1.83)
K =(1.72,2.12)
L = (2.88, 2.54)
M = (2.86, 2.9)

N = (2.15, 2.91)
0 = (2.28, 1.95)
P = (3.35, 2.03)
Q= (3.11, 1.41)
R = (3.96, 1.47)
S = (3.35, 2.89)
graphl = DelaunayTi

graphl
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- Algebra X/« Graphics
) A =(0,-0.05) ] AlC~
) B =(5.8,-0.05)

) C=1(0.22,2.37)

) D =(0.98, 2.68)

) E=(0.73, 2.08)

) F=(0.4,1.49)

) G = (-0.21, 1.76)

) H=(-0.08, 1.2)

) 1=(0.27,0.39)

) J =(0.7,0.89)

) K=(1.04,1.2)

) L = (1.45, 1.52)

) M =(1.01, 1.76)

) N =(1.36, 2.29)

) O =(1.45, 2.84)

) graphl = DelaunayTi




* Botana, F.,, Kovacs, Z., Martinez-Sevilla, A.: R.T.: Automatically Augmented
Reality with GeoGebra. In: Theodosia Prodromou (Ed.), Augmented
Reality in Educational Settings, Brill-Sense. Nov. 2019.

* Botana F.; Kovacs Z. and Recio T.: Automatically Augmented Reality for
Outdoor Mathematics. In: Research on Outdoor STEM Education in the
digiTal Age. Proceedings of the ROSETA Online Conference in June
2020. Matthias Ludwig, Simone Jablonski, Amélia Caldeira and Ana Moura
(Editors). WTM — Verlag fir wissenschaftliche Texte und Medien, Miinster
2020. Conference Proceedings in Mathematics Education (6), pages 71-
78.



Trabajo en curso...

AG: Gedmetra mecanico, automata
Relacién /Compara / Descubre

Valoracion de resultados:
H-sencilla vs T-sencilla
H-sencilla vs T-compleja
H-compleja vs T-sencilla
H-compleja vs T-compleja



* https://github.com/kovzol/geogebra/releases
Versiones GeoGebra 5 Discovery y GeoGebra 6 Discovery off-line

* http://www.autgeo.online/geogebra-discovery/
GeoGebra 6 Discovery on-line

* http://www.autgeo.online/ag/automated-geometer.html?offline=1
Automated Geometer
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» Algebra x|« Graphics
® A=(-0.73,0.18) W [———[av][d
® B = (2.94,0.36) .
® C=(-2.06,2.36) A
® f=3.68 D T
® g =255 e
® A'=(0.12,3.69)
® x=90°
® A", = (2.76,4.03)
® B=90°
® h=2.55
® i=3.68
® D = (1.44, 3.86) i
=i
k=133
| =3.81
m = 3.81

n: -3.5x - 1.5y = -10
p: -1.5x + 3.5y = 11..
q: -0.18x + 3.67y = (
r-3.67x-0.18y = -:
s:-1.33x + 2.18y = 7
t:-2.18x - 1.33y = 1.
a -5x + 2y = 0.53

E = (0.44, 1.36)
c(x-044)2% +(y-1

JIS}B 90°
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Algebra X| = Graphics
A|C~

(-0.73, 0.18) L
(2.56,0.1)
(-2.06, 2.36)

w
N
o

2.55
(0.12, 3.69)
90°

' =(2.64,3.39)

>R rPpQ "N ®P

i=3.29

D = (1.38, 3.54)
j=127

k=127

| =3.64

m = 3.64

n: -3.44x - 1.18y = -
p: -1.18x + 3.44y =1
q: 0.08x + 3.29y = 0.
r: -3.29x + 0.08y = -
s:-1.33x + 2.18y =7

t-2.18x-133y=1. ———

RJL- T OO 4] N [

v v

Sets of parallel and perpendicular lines:

*AB 1 BA',

e AC L CA'
*BD 1L CD

Congruent segments:

*A'D = A',D
*BD = CD

OK
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A i L a=2 SR
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Algebra = [X| ~ Graphics X
A = (-0.73, 0.18) (l~]e~[a~][a]
B = (2.56,0.1) a
C = (-2.06, 2.36)
f=3.29
g = 2.55
A' = (
o =90°

[y

' = (0.12, 3.69) A'1
A", = (2.64,3.39)
B =90°
h = 2.55
i =3.29

D = (1.38, 3.54) 0 90°
=127
k =1.27 :
| =3.64
m = 3.64
n: -3.44x - 1.18y = -
p: -1.18x + 3.44y = 1
q: 0.08x + 3.29y = 0.
r: -3.29x + 0.08y = -
:-1.33x + 2.18y = 7
:-2.18x-133y =1 RB\EB 90°

:-4.62x + 2.26y =1 f
= (0.25, 1.23)
c(x-025)2%+(y-1

(3 N N N NN N N N N NN NNMNNIMNIMNNSNNINHNN I
mo t n

Input:

<«
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Algebra

A = (-1.82,0.58)
B=(3,1.72)

f=4.95

C=(-0.4,5.32)

o = 60°

b = 4.95

a=4.95

c =495

tl = 10.62

g: 3.4x - 3.6y = -8.27

h: -4.82x - 1.14y = -4.15
D = (0.26, 2.54)

R = 2.86

i=2.86

j=2.86

k: -0.82x - 2.74y = -7.18
I: -4.74x + 1.42y = 9.46
m: 2.78x + 0.66y = 2.4

n: -1.14x + 4.82y = 4.87
p: -1.96x + 2.08y = 4.78
q: -3.6x - 3.4y = -16.66
E=(1'333:52)

r=1.43

d = true

11 = {true, {“AreEqual[A,B]"}}

Input:

P

~ Graphics

| ke

R 2 XD O, 0] ey N2 4

Ah -

Relation

a+ b + c and R are not equal
(checked numerically)

OK

More...

e
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Algebra

A = (-1.82,0.58)
B=(3,1.72)

f=4.95

C=(-04,5.32)

o = 60°

b = 4.95

a=4.95

c =4.95

tl = 10.62

g: 3.4x - 3.6y = -8.27

h: -4.82x - 1.14y = -4.15
D = (0.26, 2.54)

R = 2.86

i=2.86

j=2.86

k: -0.82x - 2.74y = -7.18
I: -4.74x + 1.42y = 9.46
m: 2.78x + 0.66y = 2.4

n: -1.14x + 4.82y = 4.87
p: -1.96x + 2.08y = 4.78
q: -3.6x - 3.4y = -16.66
E1=1(1%373°52)

r=143

d = true

11 = {true, {“AreEqual[A,B]”}}

Input:

P

~ Graphics

|k

Y P NN N O A PARAN

An w

Relation

It is generally true that:
ca+b+c=(3+/3)-R
under the condition:

e the construction is not degenerate

OK

ik



https://www.jstage.jst.go.jp/article/tmj1911/25/0/25 0 115/ pdf/-
char/en

Prof. R. Weitzenbock has proved in the Ma{sh. Zeitschrift 5
that | | C
r - 1
al4-N4ct —4v/ 3

~ wheze the equality holds good when and only when the triangle is
regular.


https://www.jstage.jst.go.jp/article/tmj1911/25/0/25_0_115/_pdf/-char/en
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» Algebra X/« Graphics
® A=(0,0) | AlCv
® B=(1,0)
® C=(1.49,1.16) 3
® b=1.89
® a=1.26
®@c=1
® tl = 0.58
® f:x=0.5
® g:-0.49x - 1.16y = -1
® D = (0.5,0.9)
® R=1.03
® eq2:531441x¢ - 425
® h:x=1.49
®iy=0
® E=(1.49,0)
® j=1.16 i
L=0.58
eql: 16x*y? - 16x*y- Ia 0.3

Input:

o Relation

It is generally true that:
ca?+b?+c?>(4V3)-cj/2
under the condition:

e the construction is not degenerate

OK

4.5
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Ak
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» Algebra = [X| + Graphics
® A=(0,0) - v [an~ |i[ 4]
& B (1, 0) | | '
® C=(1.22,0.88)
(8] b =1.51
® a=091 1.5
®ec=1
® tl =044
® f:x=0.5
® g:-0.22x - 0.88y = -0.64 g
® D = (0.5, 0.6)
® R=0.78
® eq2:531441x"® - 4251528x"*° + 3621672x** y* + 14880348x** - 2535170
® h:x=1.22
®iy=0
® E=(1.22,0)
® j=0.88

L=0.44 i

eql: 16x* y? - 16x*y - 32x3 y? + 32x3 y + 24x? y® - 16x*y - 8xy? - 16y° + 1 0.5
® eq3:x* - 2x3 + 2x% y? + 3x* - 2xy? —2x+y“ -y’ =-1

/ “ ) o 1, ¥

& A ("x - %\] 2+ |f P £ \| (fx B %,' N tIr;'ngl_lliCTr\)e eq3: LocusEquatlon(4 *3j2 2 (?2 + b2_0+5 c®?,0)

R o [, (LS, (VR (Y I N i D L R |

Input:

Ak




GEOMETRIC INEQUALITIES

BY

O. BOTTEM.-:
THE SIDESAND THE RADII OF A TRIANGLE Delft, The Nethericads
R. Z. DJORDJIVIC

| Belgrade, Yugosiaiia
5.3 a+5+0 < SR\'FE. 1: R. ]AgNIC
Bedgrade, Yugosiaia
b Equallty holds if ard OIl.ly fa=>b=c. ' D. S. MITRIN(7IC
.o - . Belgrade, Yugosiaia
S. Nakajima, Téhomm Math. J. 25 (1925), 115-121 B 3F WASTC
A. Padoa, Period. Xat. (4) 5 (1925), 80-85. Belgrade, Yugosic:a

https://www.isinj.com/mt-usamo/Geometric%20Inequalities%20-%20Bottema,%20et.%20al.%20(1968).pdf
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R A X P OO, 4 [N 2[4 - =

Igebra o ~ Graphics o

»
® A=(-0.62,0.2) INEIRII=d
® B =(3.24, 0.96)
® C=(1.76,4.14)
® b=46
® a=3.51
{® c=3.93
&
@
&
@
&

tl = 6.7

f: -3.86x - 0.76y = -!
g: 1.48x - 3.18y = -4
D = (1.05, 1.88)

R =237

Innut:! Relation(a+h+c.R) od | @
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» Algebra = |X| = Graphics
® A=(-0.62,0.2) |l A C~
|® B = (3.24, 0.96)
| ® C=(1.76, 4.14)
|® b=4.6

® a=351

® c=3.93

® tl =6.7

® f: -3.86x - 0.76y = -!

® g:1.48x -3.18y = -4

® D = (1.05,1.88)
|/®@ R=2.37

Relation

It is generally true that:
ca+b+c=<(3+3) R
under the condition:

e the construction is not degenerate

OK

ap

Input:




o90e eacaz.ggb
. . a=2 ) C
'XV./vab.v@v@vivxvﬂ_v‘%.v ik
» Algebra o ~ Graphics
® A=(-0.62,0.2) LT &[]
® B = (3.24,0.96)
® C=(1.76,4.14)
® b=46
® a=3.51
® c=3.93
® tl =6.7
® f: -3.86x - 0.76y = -!
® g:148x-3.18y = -4
® D =(1.05, 1.88)
® R=2.37

kInput: LocusEquation(a+b+c==3*sqrt(3)*R, C)

<«




[ BON ) eaca2.ggb
A ‘.‘. a o a=2 =) =
%‘.V/‘/(V/ﬂb.V@VQV&V\_'_V'%.V ’:‘
» Algebra ~ Graphics X
® A=(0,0) [~ | vaav i
i B = (1, 0) 2/ f
® C=(1.63, 1.05)
® b=1.94
® a=1.22
®@c=1
® tl1 =053 5
® f:x=0.5
® g:-0.63x - 1.05y = -
® D =(0.5,1.01)
® R=1.13
® eq2:531441x'¢ - 42!
a1 -0.5 2.5 3 ’
-0.5

Input:

ik




eq1: 6789536996527975000000000000000000000000000000000x'® + 3119443893084439000000000000000000000000000000000x™® y - 144117972905215300000000000000000000000000000000000x' +
47059951913352050000000000000000000000000000000000x™* y2 - 115886616718597600000000000000000000000000000000000x™ y + 1249320690668877700000000000000000000000000000000000x™* +
20086836722444138000000000000000000000000000000000x™ y? - 898030613987929300000000000000000000000000000000000x™ y? + 1390330919364264000000000000000000000000000000000000x% y -
5383269256977287000000000000000000000000000000000000x™ + 141089330634374470000000000000000000000000000000000x™2 y* - 669406076454972500000000000000000000000000000000000x™2 y* +
7246220321893674000000000000000000000000000000000000x™ 2 - 7740667880777698000000000000000000000000000000000000x y + 9911747207396506000000000000000000000000000000000000x™ +
55012698579891600000000000000000000000000000000000x™ S - 2377461103454052300000000000000000000000000000000000x™ y* + 7115911294796878000000000000000000000000000000000000x™ y* -
30748666260372003000000000000000000000000000000000000x y2 + 20399356956530064000000000000000000000000000000000000X" y + 5567817115101477000000000000000000000000000000000000x" +
238491065431420500000000000000000000000000000000000x™ y© - 1622681894237581400000000000000000000000000000000000x™ y* + 17543366158422122000000000000000000000000000000000000x™° y* -
36068389772830790000000000000000000000000000000000000x™ y* + 66510829565884990000000000000000000000000000000000000x™ y2 - 14673089909929755000000000000000000000000000000000000x™ y -
46868803420819330000000000000000000000000000000000000x™° + 82941478320751330000000000000000000000000000000000x° 7 - 3460975359133859000000000000000000000000000000000000x° y© +
14995326325129030000000000000000000000000000000000000x° y* - 70966128481978910000000000000000000000000000000000000x° y* + 94028392234202490000000000000000000000000000000000000x° y? -
39057914318683185000000000000000000000000000000000000x° y? - 36854144484159060000000000000000000000000000000000000x° y + 18946617672208996000000000000000000000000000000000000x° +
247946094851848700000000000000000000000000000000000x® y# - 2128349909514236000000000000000000000000000000000000xE y” + 22784580711197690000000000000000000000000000000000000x® y© -
67853662750040960000000000000000000000000000000000000x® y* + 161942921714213840000000000000000000000000000000000000x y* - 107015524399349300000000000000000000000000000000000000x° y? -
112795594045119520000000000000000000000000000000000000x¢ y? + 50916715079808550000000000000000000000000000000000000xE y + 114498514600352950000000000000000000000000000000000000xE +
74195125675016650000000000000000000000000000000000x’ y° - 2985773630070961000000000000000000000000000000000000x’ y# + 16617378186072595000000000000000000000000000000000000x” y” -
84582290019839940000000000000000000000000000000000000x” y© + 168226389238534060000000000000000000000000000000000000x” y° - 181458542479844600000000000000000000000000000000000000x y* -
19758952205967827000000000000000000000000000000000000x” y* + 170410412108849820000000000000000000000000000000000000x’ y? + 36501585137152076000000000000000000000000000000000000x” y -
38764093043674717000000000000000000000000000000000000x’ + 161776092618924280000000000000000000000000000000000x° y™° - 1618670639629663600000000000000000000000000000000000x° y° +
16903021429835228000000000000000000000000000000000000x° y* - 64869544215773790000000000000000000000000000000000000x° y” + 188195601456704160000000000000000000000000000000000000x° y© -
224420476925860630000000000000000000000000000000000000x° v + 10359587680251027000000000000000000000000000000000000xF y* + 135879478268486200000000000000000000000000000000000000xS y* +
107963358751677700000000000000000000000000000000000000x° y? - 26937684938468340000000000000000000000000000000000000x° y - 207877308072579100000000000000000000000000000000000000xS +
39269263817569183000000000000000000000000000000000x° y'" - 1522097991140836500000000000000000000000000000000000x° y™° + 10184325764948416000000000000000000000000000000000000x° y° -
54649335961373170000000000000000000000000000000000000x° y# + 144866531416211110000000000000000000000000000000000000x° y” - 248199007238209100000000000000000000000000000000000000x° y +
124394085488742800000000000000000000000000000000000000x° y* + 186053977164793080000000000000000000000000000000000000x° y* - 22844041748316096000000000000000000000000000000000000x° y? -
272552761146258570000000000000000000000000000000000000x° y? - 4462673312123886500000000000000000000000000000000000x° y - 56326844979361330000000000000000000000000000000000000x° +
64374357821878260000000000000000000000000000000000x* y*2 - 705259208445350800000000000000000000000000000000000x* ™ + 6977671282182084000000000000000000000000000000000000x y™© -
32151014644986047000000000000000000000000000000000000x* y° + 108276954908834430000000000000000000000000000000000000x* v - 194253288564516800000000000000000000000000000000000000x* 7 +
179426378321278980000000000000000000000000000000000000x* y& + 20287790563237602000000000000000000000000000000000000x* y* - 104314977390065970000000000000000000000000000000000000x* y* -
47083044615943590000000000000000000000000000000000000x* y* - 142410331199242500000000000000000000000000000000000000x* y2 - 46990818172605274000000000000000000000000000000000000x* y +
190423455759910730000000000000000000000000000000000000x* + 11340484076709459000000000000000000000000000000000x¢ ™ - 422828884925031400000000000000000000000000000000000x° y'2 +
3260251314396366500000000000000000000000000000000000x° y'" - 17972600031145853000000000000000000000000000000000000x° y™° + 59185513875993430000000000000000000000000000000000000x° y° -
137160739825138400000000000000000000000000000000000000x* y® + 157660436092703120000000000000000000000000000000000000x¢ 7 - 43488536482858947000000000000000000000000000000000000x? y© -
25491105323659700000000000000000000000000000000000000x° y* - 131340256066374800000000000000000000000000000000000000x° y* - 58198454055716450000000000000000000000000000000000000x° y? +
286244028826245000000000000000000000000000000000000000x° y? - 135962917904452320000000000000000000000000000000000000x° y + 222104727746076700000000000000000000000000000000000000x° +
14182106422282237000000000000000000000000000000000x2 y' - 159726806570399930000000000000000000000000000000000x? y'™ + 1399847424218532600000000000000000000000000000000000x2 2 -
7210106063326817000000000000000000000000000000000000x? y" + 26808939109072606000000000000000000000000000000000000x? y'™ - 65923559567690270000000000000000000000000000000000000x2 y° +
113823165070905600000000000000000000000000000000000000x? y# - 76632263354680690000000000000000000000000000000000000x? y” - 40058546965774140000000000000000000000000000000000000x2 y© -
25800057410464060000000000000000000000000000000000000x? y® + 175896825891071070000000000000000000000000000000000000x2 y* - 175925672010065040000000000000000000000000000000000000x2 y* +
352953903802457550000000000000000000000000000000000000x? y? - 119639306959753860000000000000000000000000000000000000x? y + 109933907093211970000000000000000000000000000000000000x? +
1370173363937503400000000000000000000000000000000x y' - 49077627092635730000000000000000000000000000000000x y™* + 423557785824128200000000000000000000000000000000000x ™ -
2304822611028430000000000000000000000000000000000000x y*2 + 8906853482927100000000000000000000000000000000000000x y' - 25646358227312230000000000000000000000000000000000000x y'™ +
52888929218904390000000000000000000000000000000000000x y° - 82612690841769260000000000000000000000000000000000000x y* + 49253956310436810000000000000000000000000000000000000x y” +
37593696416612034000000000000000000000000000000000000x y© - 91453786545563760000000000000000000000000000000000000x y° + 219592576786527600000000000000000000000000000000000000x y* -
141478487524595930000000000000000000000000000000000000x y* + 151992248339576530000000000000000000000000000000000000x y? - 45146385684843110000000000000000000000000000000000000X y +
27038326051790440000000000000000000000000000000000000x + 1309896081349673000000000000000000000000000000000y® - 13950762741683095000000000000000000000000000000000y™ +
87083387871313260000000000000000000000000000000000y™ - 402694776126686000000000000000000000000000000000000y™ + 1374696007464531200000000000000000000000000000000000y ™2 -
3989791381958786000000000000000000000000000000000000y™ + 9998638235249725000000000000000000000000000000000000y™ - 20995481431319127000000000000000000000000000000000000y° +
43568960944617160000000000000000000000000000000000000y* - 56702437251036960000000000000000000000000000000000000y + 83455149429415060000000000000000000000000000000000000y® -
67555563575763000000000000000000000000000000000000000y* + 68363042530844100000000000000000000000000000000000000y* - 35151956071570630000000000000000000000000000000000000y? +
24068060534565295000000000000000000000000000000000000y? - 6417112792435231000000000000000000000000000000000000y = -2718073223982372300000000000000000000000000000000000



. eq2: 88209y® + 204228y + 236134y + 204228y™ + 88209y'6 -
962280Y° x - 2237112y x - 2237112y x - 962280y™ x + 609444y° x° +
6281388y° xC + 10694484y1° 2 4 6689844y X2 + 962280y™ X2 -
6018624y° x3 - 261258488 x* - 28362960y x* - 8905464y™ x3 +
1485702y x* + 30035016y° x* + 69737274y® x* + 42802020y x* +
4452732y x* - 13401936y* x> - 92158128y° x> - 118283976y2 x°
34344648y x5 + 1495908y x® + 56867832y* X6 + 183225240y° x° +
123219252y® x°® + 11448216y x° - 12597120y? x’ - 144481968y* x’ -
236640096y° X7 - 71821080y® X’ + 531441x8 + 47790324y? X8 +
235946682y4 X8 + 191561004y6 X8 + 17955270y x® - 4251528x° -
105973272y2 X° - 250455240y x° - 88267320y° x° + 14880348x'° +
149197140y x'° + 167328828y" x'° + 17653464y° X'° - 29760696x" -
135733968y?% x"' - 63947880y* x"' + 37200870x"? + 77551020y? x'? +
10657980y* x'? - 29760696x" - 25351704y? x® + 14880348x'* +
3621672y? x' - 4251528x"™ + 531441x° =0



280067312748789736985963225604373352510564
033142263971832537392349415195652578325220
678822080410345331615448815562735192521704
455798784*xN72*(-1 + x)A72*(221709312*x 10 -
1108546560*x"9 + 5547202304*XA8 -
15537529856*x"7 + 23360155968*x"6 -
20355008960*XA5 + 10731606224 *x 4 -
3448222560*x"3 + 658900764*x"2 - 70266636*x +
3485889)/2*(4*xN2 + 23)MA*(4*XN2 - 8%X +
27)A4*(2%x - 1)A12
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